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PREFACE 



The author of this text beUevea that the differential calculus 
should be given to the student in collie at the earliest poesible 
moment, ajid that to accomplish this a short course in analytic 
geometry is essential. He has, therefore, written this text to supply 
a course that will equip the student for work in calculus and en^- 
neerii^; without burdening him with a mass of detail useful only to 
the student of mathematics for its own sake. The exercises are 
80 numerous and varied that the teacher who desires to spend a 
longer time on analytic geometry can easily do so; and, indeed, 
if more than the briefest course is given, the best way to spend the 
time is in working a large number of varied examples based upon the 
few fundamental principles which occur constantly in practice. 

The author is indebted to Professor H. W. Tyler and Professor 
E, B, Wilson for many si^ge'stions and to Dr. Joseph lipka for valu- 
able assistance both in the preparation of the manuscript and the re- 
vision of the proof. 

H. B. PHILLIPS 
Boston, Mass, 
AvffUil, 1915. 
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ANALYTIC GEOMETRY 

CHAPTER 1 
ALGEBRAIC PRINCIPLES 

Alt !• Constuits and Variables 

In analytic geometry much use ia made of algebra. Hence a 
bri^ review is here given of some algebraic principles and processes 
used in this book. 

In a given investigation a quantity is constant if its value is the 
same throughout that work, and variola if it may have different 
values. It should be noted that a quantity that is constant in one 
probieni may be variable in another. Thus, in discussii^ a particu- 
lar circle the radius would be constant, but in a problem about a 
circular disk expanding under heat the radiiis would be variable. 

A quantity whose value is to be determined is often called an 
imknown. Such a quantity may be either constant or variable. 
In some cases it is not even known in advance whether it is con- 
stant or variable. 

Real nnmbers. — The simplest constants are numbers. The proc- 
ees of counting gives whole numbers. Division and subtraction give 
fractions and negative numbers. Whole numbers and fractions, 
whether positive or negative, are called rational numbers. A 
number, like 'v% that can be expressed to any required d^ee of 
accuracy, but not exactly, by a fraction, is called irratiotial. Ra- 
tional and irrational numbers, whether positive or negative, are 
called reoi. 

The <^olvle value of a real number is the number without its 
algebraic sign. The absolute value of I is sometimes written | x [. 
Thus, I -21 -I -1-2 I -2. 
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2 Aloebbaic Principles Chap. 1 

Gra^ilcal Representation. — Real numbers can be represented 
graphically by the points of a straight line. Upon any point of a 
line mark ^le nmnber 0. Choose a unit of length. On one side of 
mark positive numbers, on the other n^atlve numbers, making 
the number at each point equal in absolute value to the distance 
from to the point. The result is a «cafe on the Une. When the 
line is horizontal, as in Fig. 1, it is usual, but not necessary, to lay 
off the positive numbers on the r^ht of 0, the negative numbers on 
the left. 



Fia. 1. 

The point A representing the number a divides the scale into two 
parts. On one side of A, called the positive, lie all numbers greater 
than a; on the other side, called the negative, lie all numbers leas 
than a. At a point B on the positive side of ^ is located a number 
b greater than a, at a point C on the negative side of A is a number c 
less than a. 

The distance between two points of the scale is equal to the 
difference of the numbers at those points. This is obvious if the 
numb^s are both positive. Thus 

AB = OB-OA = h-a. 
It is stiU true if one or both are negative. Thus, since c is negative, 
CO = -c and 

CB~CO-\-OB= -c + 6 = 6-c. 

Inuf^nary Quantities. — The extraction of roots sometimes leads to 
expressions like V— 1 or o + 6 V— i, where a and b are real num- 
bers. These expressions are called imaginary. This means merely 
that such expressions are not real numbers. It should not be in- 
ferred that imaginaries cannot be used or that they have no meaning. 
A quantity may have a meaning in one problem and not in another. 
For example, in determining the number of workmen needed in a 
certain imdertakli^ the answer 3} would be absurd since 3| work- 

'Mi cannot exist. In determining the area of a field the answer 
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Alts Eqit^ 

— 10 acres would be meaningless since thav is no n^;ative area. 
In detenninii^ the ratio of two lengths the answer vd^ is ima^ 
nary since the result nmst be a real number. But in still other 
problems, notably in work with alternating currents, an interprets- 
tion can be given to the process of extracting the square root of a 
negative number and then such results are entirely real. 

Art. 2. Equationa 

An equation is the expression of equality between two quantities. 
An identical equation is one in which the equality is true for all 
values of the variables. Thus, in 

{x-y)^ + 4xy'= {x + y)' 
the two sides are equal whatever values be assigned to x and y. 

In many equations, however, the equaUty is true only for certain 
values of the variables; thus x* + x = 2 is an equation not true for 
iJ,l values of x, but only when x = +1 or —2, 

Two or more equations are called simultaneous if all are satisfied 
at the same time. Equations often occur that are not simultaneous. 
Thus if a:* = X,then3; = l,orr = — 1, but not both simultaneously. 

A solution of an equation is a set of values of the variables satis- 
tying the equation. Thus x = 3, ^ = 4 is one solution of the 
equation 3? + y^ = 25. A solution of a set of simultaneous equa- 
tions is a set of values of the variables satisf jdi^ all of the equations. 

Equivalent Equations. — Seta of equations are called equwideTU if 
they have the same solutions. Thus the pair of simultaneous 
equations 

x? + xv+y'^i, i^-xy + i/' = 2 

ia equivalent to 

±' + j/* = 3, xy = l 

(obtained by adding and subtracting the original equations) in 
the sense that any values of x and y, satisfying both equations 
of one pair, satisfy both equations of the other pair. Similarly, 
{x + y) ix — 2y) = is equivalent to the two equations 
x+yO, a;-2i;-0 
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4 AlqebiuiC Frinciplbb Chap, t 

in the sense that if x and y satisfy the equation {x + v) (x — 2y) =■ 0, 
then either a; + y = Oora; — 2y = 0; and, conversely, if x and y 
satisfy either of the latter equations, they satisfy the former. 

The main problem in handling equations is to replace an equation 
or set of equations by a simpler or more convenient equivalent set. 
To solve an equation or set of equations is merely to find a particu- 
lar equivalent set of equations. 

Degree of Equation. — The equations of algebra usually have the 
form of polynomials equated to zero. By a polynomial is meant 
an expression, such aa :t^ + x^ — 2 or x^ + 3 xy — y*, containii^ 
only positive integral powers and products of the variables. 

The degree of a term like x'oiSxyis the sum of the exponents of 
the variables in that term. Thus the degree of e" is three, that 
of 3 zy is two. The degree of a polynomial is that of the h^est 
term in it. Thus, the polynomials given above are both of the third 
degree. 

If a polsmomial is equated to zero, or if two polynomials are 
equated to each other, the degree of the resulting equation is that 
of the highest term in it. For example, x^ + ^ — x •' and 
xj/ = 1 are both equations of the second degree. 

Exerdsei 

1. Determine which of the foUowing equations are identities: 

(a)«.-^, (W 1 + 1-2, mJ+1.5±». 

2. Expand (x + y)' by the binomial theorem. Is the resulting 
equation an identity? 

3. Show that a: = v^ is a solution of the equation 

x' + 2i'-a:'-8a + 2 =.0. 

4. Show that *-— 1, v = 2is a solution of the aimaltaneous 
equations 

x' + 6xu+y*'B, a? + j/' = 5. 

5. Show that the pair of wmultaneoua equations 

3f + y* = 2, x + v-1 
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Art. 3 EqcATioNB in Ons Vaeiablb fi 

is equivalent to the pair 

a;*-a:y + !/*-2, x + yl. 

6. Find a set of three equations equivalent to 

(if - 1) (a* + 2) = 0. 
Explain in what eense the three ore equivalent to the one. 

7. Ia3f~iiy + 3i^=-Q equivalent to the pair of aimultaneoua 
equations x ~ y, x = dyl 

8. The symbol V2 is generally used to represent the positive square 
root of 2, lax = V2 equivalent to a^ - 2? 

9. Show that Vx + 1 + Vx - 2 = 3 is equivalent to i - 3. 
10. The solution of the simultaneous equations 

X + y = 3, xy = 1 
can be written 

x-i(3±v^). i/ = H3=fV6). 
What do these mean? How many solutions are there? 

11. What is the degree of the equation {x +y)* = 3 xy? 

12. If X and y are the variables, what is the d^p-ee of ox* ■• bxj/? 

Alt 3. Equations in One Varlabl* 
Quadratic Equations. — The quadratic equation 
ax' + bx + c = 
can be solved by completing the square. Traneposlng c, dividing 
by a and adding &'/4 a* to both sides, the equation becomes 

Extracting the square root and solving for x. 



If tbe expression under the radical is positive, the square root can 
be extracted and real values are obtained for x. If it is negativet 
no real square root exists and the values of x are imaginary. 

Sdution by Factoring. — Another method for solving quadratic 
equations is factoring. Thus 

z» + 5x-6 = 
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6 Aloebraic Principles Cliap. 1 

IB equivalent to 

(x - 1) Cx + 6) = 0. 
Since a product can only be zero when one of its factors is zero, the 
above equation ia satisfied only when x = 1 or i = —6. 

If the quadratic cannot be factored by inspection, it can still be 
factored by compLeting the square. Thus 

3^ - 2x + I = 3{x^ - ix + i) = 3Kx - iY + II 

= 3 (x - J - I Vr^) (x - J + J VZ2). 
The solutions of the equation Sx" — 23;+l=0are then 
X = 1(1 ± ^^)- 
In this way any equation can be solved if the expression equated 
to zero can be factored. For example, to solve the equation 

x' + u?-2 = 
write it in the form 

aJ-l+x'-l-O. 
Since a:* — 1 and x* — 1 both have x — 1 as a factor, the equation 
is equivalent to 

(x-l)(x> + 2x + 2)=0. 
The solutions are consequently 

X = 1 and X = - 1 ± V^. 



S(dve the following equations: 

1. 2a^ + 3x - 2 = 0. 5. (3? - 1) (a^ - 2) - 0. 

2. z» + 4x-5=0. (x'-l) 

3. 3x' + 5i + l -0. . (i>-4) 

». ^+. + 1-0. ,, l+_J_ + _^.„. 

Solve by factoring 

8. x> -3i- I -0. 11. z» - 2i'-x + 2 -0. 

12. x* - 1 = 0. 

13. x< - 1. 

14. Solve the equation x* + 1 = by redudng it to the form 
(x' + l)'-2x> = 0. 
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lit 4 Factors and Roots 7 

15. Solve the equation j^ + i' + 4 — Obythe method erf the last 
nample. 

16. Factor i^ + ixy — jfby completing the Bquare of the first two 



Art 4. Factors and Roots 
It has been shown above that the roots of an equation can be 
found if the factors of the polynomial equated to zero are known. 
Conversely, if the roots are known the factors can be found. This 
is done by the use of the following theorem: I/Tua root of a pdjf 
notnial equation in one variable x, then x — r is a factor of the poly- 
nomial. To prove this, let 

P = ax" + fee""' + ■ ■ ■ +px + q 
be a polynomial of the nth degree in which a,b, . . . ,p,qaxe con- 
stants. If r is a root of the equation given by equating this poly- 
Domialto zero, 

at* + 6i*-' + • • ■ +pr + q^O. 
Since subtracting zero from a quantity does not change its value, 
P = <u;~+6a:'-'+ • ■ '■ +px + q-(flr' + br'-'+ ■ ■ • +pr+q) 
= o(a:''-r")+6(x-'-r— >)+ • ■ ■ +p(a;-r). 

Each term on the right side of this equation is divisible by a: — r. 
Hence the polynomial, P, has x — r as a factor, which was to be 
proved. 

Number of Roots. — It can be shown that any polynomial equation 
in one unknown has a root, real or imt^inaiy. Assuming this, it 
follows that any polynomial of the nth degree in one variable is the 
product of n first degree factors. In fact, if n is a root of P = 0, 
then 

P^{x-r,)Q. 

Q being the quotient obtained by dividing Phyx — ri. Similarly, 
if ri is a root c£Q = 0, 

g = (x - rO fl. 



P={x-rOix-T^R. 
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S Ai/SBBOAic Principles Chap. 1 

In the same way R can be factored, etc. Now each time a factor 
X — r JB divided out the degree of the quotient is one less. After 
taking out n factors, what is left will be of zero degree, that is, a 
constant. If a is the constant 

P-a(x-r,)C^-r^ .. . (x-r»). 

Hence P is the product of n first degree factors, o (i — tj), (x — fj), 
etc. 

Since a product can only be zero when one of its factors is zero, 
it follows that the roots of P = are n, j-j, . . . , r„. It is thus 
shown that an equation of the nth degree has n roots. Some of these 
r's may be equal and so the equation may have less than n distinct 
roots. 

Rational Roots. — Though every polynomial equation in one un- 
known has a root, no very definite method can be given for finding 
it. If nothing in the particular equation suggests a better method, 
it is customary to try first to find a whole number or fraction that is 
a root of the equation. Such roots are found by trial. Some 
methods that may be useful are shown in the following examples. 

Example 1. Solve the equation 4a^ + 4i' — n — 1 =0. 

Since X is a factor of all the terms in this equation except the last, 
— 1, it follows that any integral value of z must be a divisor of —1. 
The only int^ral roots possible are then ±1. By trial it is found 
that X = —1 satisfies the equation. Hence x + 1 is a factor of the 
polynomial. Factoring, the equation becomes {x+1) (4a?— 1)=0, 
The roots are consequently —1, and ±}. 

Ex. 2. Solve the equation ^x> + 'dx^~12x — i = Q. 

Proceeding as in the last example it is found that the equation 

has no int^ral root. Suppose a fraction p/q (reduced to its lowest 

terms) satisfies the equation. Substituting and multiplying by g*, 

27p' + 9p^-12p5'-4g» = 0. 

Since all the terms but the last are divisible by p, and p and q have 
no common factor, —4 must be divisible by p. For the same reason 
27 must be divisible by q. Any fractional root must then be equal 
to a divisor of 4 divided by a divisor of 27. It is found by trial that 
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Alt. B Appboximatd Soldtion of Eqifationb 9 

I ie a root. Hence x — § is a factor. Dividing and factoring the 
quotient, the equation is found to be 

27 ix - I) (x + 1) (x + i) - 0. 

The roots are consequently ±5 and —J. 

BzerciseB 
Solve the following equations: 

1. x'-2i» -s + 2 -0. 7. 4«' + 8E" + 3a*-2a;-l-0. 

2. 3^" - 7*" -8a; + 20 = 0. 8. 6»*-n x" -37x' + 36x+36 

3. 4x» - Sx" - 35x +75 =0. =0. 

4.8x'-28x' + 30x-9=0. 9. 3x'-17x'+41 x'-63x+30 
6. x»- 4x> -2x + 5 -0. -0. 

6. x' + 4x» +4x +3 = 0. 10. 2x'-9x'-9x' + 67x-20 

-0. 

Alt. D. Apptoziinate Solution of Equations 
If the equation has no whole numbers or fractions as roots, any 
real roots can still be found approximately. The method depends 
on the following theorem: Between two valiies of x for which a 
polynomial has opposite mgyis must be a value for which it is zero. 
To show this suppose when x = a the polynomial is positive and 
when X = 6 it is negative. Let x, beginning with the value a, 
gradually change. The value of the polynomial changes gradually. 
When X reaches 6 the polynomial is negative. There must have 
been an instant when it ceased to be positive and began to be nega- 
tive. Now a number can only change gradually from positive to 
negative by going through zero. There is consequently a value of 
X between a and b for which the polynomial is zero- 

The theorem can be illustrated by a figure. Let x be the number 
at the point Af in a scale OX (Fig. 
5), and let the perpendicular MP 
have a measure equal to the value 
of the polynomial for that value rf 
X, it being drawn above OX when 
the value is positive, below when Fio. 6. 

n^ative. As M moves along OX 
from A to B, the point P desoril)e8 a curve. Since the ourve la 
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10 Aloebeaic Princiflbs Chap. 1 

above at A and below at B, it muBt cross the axis at some inter- 
mediate point C. At that point the value of the polynomial is 
zero. 

Example 1, Find the roota ofz' + 3a? — 1=0 accurate to one 
decimal place. 
By subBtitQtion the following pairs of values are found: 

X--3, -2, -1, 0, +1, 

a;' + 3x=- 1 = -1, +3, +1, -1, +3. 

The polynomial chaises sign between x = —S and x = —2, be- 
tween X = ~1 and X = Q and between z — and x — 1. There ia 
consequently a root of the equation in each of these intervals. To 
find the root between and 1, make an enlarged table for this re^u. 
x = 0, 0.5, 0.6, 1, 

x> + 3a:'- 1 = -1, -.125,+. 296, 3. 

It is thus seen that the root is between 0.5 and 0.6. When x <= 0.55 
the polynomial is positive. Hence the root hes between 0.5 and 
0.55. The value 0.5 is therefore correct to one decimal. In the 
same way the value —2.9 ia found for the root between —2 and —3, 
and —0.7 for the one between —1 and 0. Since the equation can 
have only three roots this completes the list. 

Ex. 2. Solve the equation i" + a; — 3 ■= 0. 

Since n^ + x increases with x it can equal 3 for only one real 
value of x. To two decimals this root ia found to be 1.21, The 
polynomial then has z — 1.21 as an approximate factor. Dividing 
by this the quotient is 

3? + l21x + 2M. 
The solutions obtained by equating this to zati are 
x= -.6.±1.4 v^. 

EzercueH 
Find to one decimal the roots of the following equations: 

1. i'-3*> + l-0. 4. i*-3a* + 3 = 0. 

2. x' + 3a;-7-0. 5. s* + a;-l-0. 

3. T* + *• + »- 1 = 0. 6. I* - 3a: - 1 - 0, 
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Art 6. Iii«qiMlitieB 
An inequality expresses that one quantity is greater than { >) or 
less than ( <) another. Thus, 

a:' + l>2x and (x- 1) (a; +2) <0 
are inequalities. The first of these is an identical inequality (true 
for all values of x), the second is not. As in equations, terms can be 
shifted (with change of sigu) from one side of an inequality to the 
other and inequalities having the same sign ( > or <) can be added 
but not subtracted. Both sides of an inequality can be multiplied 
or divided by a podtive quantity, but the sign must be changed 
(> to < and < to >} when an inequality is multiplied or divided 
by a negative quantity. 

The main problem in inequalities is to determine for what values 
of the variable an inequality holds. How this is done is best shown 
by an example. 
Example. Find the values of x for which 
5z'-:e-3 
j?(2-x) ^^■ 
This is equivalent to 

B3?-x~S , „ 

at 

(x+l)(a:-I)(x + 3) 

3?{2-X) 

The problem is to determine the values of x for which the expression 
on the left is positive. Since i? is always positive, the sign of the 
expression is determined by the signs of the other four factors. The 
values of x making one of these factors zero are —3, —1, 1, 2, Mark 
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these values on a scale (Fig. 6). Ux < —3 the three factors in the 
numerator are all negative, and (2 — a;) is positive. The whole 
expresdon, having an odd number of negative factors, is negative. 
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12 Algsboaic PmNciPLEB Outp. I 

If I is between —3 and —1, there are two negative factors, x + 1 
and I — 1, and the whole expression is positive. If x is between — 1 
and +1, the only negative factor la (x — 1} and the expresaion is 
negative. If x is between 1 and 2, all the factors are positive and 
the whole expression is positive. If z > 2 there is one negative 
factor, (2 — x), and the expression is negative. 

The expression is positive when z is between —3 and —1, or be- 
tween 1 and 2. These conditions are expressed by the inequaUties 

-3<a;<-l and l<i<2. 
The original inequdity is equivalent to these two, in the sense that 
it holds when one of these does and conversely. 

EzerdsoB 
Find the values of x satisfying the following inequalities: 
1. a:" + J - 2 > 0. 4. z» - 3ar - 1 < 0. 

3. r>-2x' + 2*-l<0. ''■i + K-2^a: + 2>"- 

6. Show that x'-3a; + 3>0is true tor all values of x. 

7. Find for what values of x, the value of ^ is re^ in the equation 
x? + xy + y' = l. 

8. Elnd the values of x satisfying both the inequaUties 

I* > J, x" > 2. 

Alt 7. KmultaneouB Equations 

Simultaneous equations in more than one unknown are solved by 
a process called diminaUon. This is a name applied to any proc- 
ess by which equations are found equivalent to the given equations 
but some of which contain fewer unknowns. By a continuation of 
this process equations may eventually be obtained each containing 
a single unluiown and these can be solved by the methods already 
given. In other cases it may not be possible to solve the equations 
completely but they may be reduced to a simpler form. If nothing 
m the equations indicates a simpler way, there are three general 
methods that may be useful: 

(1) Multiply the equations by constants or variables and add or 
subtract to get rid of an unknown or to obtain a simpler equation. 
_ h.C.LKV^Ic 
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(2) Solve one of the equatbus for one of the unknowns and sub- 
stitute this value in each of the other equations. 

(3) Between one of the equations and each of the others eliminate 
the same unknown. Proceed with the new equations in the same 
way until finally (if possible) one of the unknowns is found. Then 
determine the other unknowns by substituting this value in the 
previous equations. 

However the solutions be found they should be checked by sub- 
stitution in each of the ordinal equations. 
Example 1. Solve the simultaneous equations 
x+ y+ z = 2, 
2x~ y + Zz = 9, 
3x + 2y— z= -1. 

Addii^ the second to the first and twice the second to the third, 
3x + 48 = ll, 

7x + 5z = 17. 

Subtracting 5 times the first from 4 times the second of these equa- 
tions, there is found 13 a: ~ 13, whence x = 1. This value substi- 
tuted in either of the preceding equations gives a = 2. The values 
of X and t substituted in either of the original equations pve y = — 1. 
The solution is r = 1, y = -1, z = 2. These values check when 
substituted in the original equations. 
Ex. 2. Solve the equations 

a^ + !/'-2x + 4v = 21, 
i* + y'+ X- y=\2. 

Subtraction g^ves 5y — Zx = 9. Hence y = i (x + 3). This 
value substituted in the second equation gives 

17i* + 32x- 132 = 0. 

The roots of this are 2 and — ff. The corresponding values of y 
are 3 and —fj- The solutions are a: = 2, y = 3 and x = — ff , 
y •= —^. These values check when substituted in the original 

equations. 
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Eierciiei 
Solve the foUowing simultaneous equations: 

1. 4x-5y+ 6-0, 6. 3?+y' + 2x = Q, 
7i-9i/ + n =0. y-3x + 4. 

2. S + 2J/-I + 3-0, 7. A> + ifc>_8A + 4ft + 20 - 
2a!- y -5 = 0, A* + fc» + 6ft + 2ft + 10 = 

x + 2z -8 -0. ft' + 8A + 16 = 

3. x + 2y+i~<}, 8. a;> + 4i/" - 5, 
T— y — * = 1, xy — —1. 

^-2^ + 3^-1, ,, = 1 + 1 

a; + 4i, + 9» = 6. " z"^!' 

6.1 + 1.1, ..1 + i. 

X y ' x "^ y 

1,1 „ 10. i* + if'+ «'-6, 

a"^« -^ x+y + ^ =2, 

1,1, 2X-J/+3Z =9. 



Alt 8. Special Cases 

Inconsistent Equations. — SometimeB equations are inconsistent, 

that is, have no simultaneous solution. This is usuailj' shown by 

the equations requiring the same expression to have different values. 

For example, take the equations 

x+ y+ 2 = 1, 

2x + 3y + iz = 5. 

x + 2y + 3z = 3. 

EUniination of z between the first and second and first and third 
gives 

!/ + 23 = 3, y + 2z = 2. 

Any solution of the ordinal equations must satisfy these. Since 
the expression y + 2i cannot equal both 2 and 3, there is no solu- 
tion. 

Dependent Equations. — Sometimes the solutions of part of the 
equations all s&tisfy the remainii^ equations. These last give no 
added information. Such equations are called dependent. 
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Eor example, take the equations] 

»+"ff-l. J* -!/*■+;* + 3 If = 2. 

Substituting I — xtoryiu the second equation, it becomes 2 = 2. 
All the solutions of the first equation satisfy the second. The two 
equations are equivalent to one equation x + y = 1. They have 
an infinite number of simultaneous solutions. 

Number of Solutions. — In general, definite solutions are expected 
if the number of equations is equal to the number of unloiowns. 
Thus, two equations usually determine two unknowns, three equa- 
tions determine three unknowns, etc. This is, however, not always 
the case. The equations may be inconsistent and have no solution 
or may be dependent and have an infinite number of solutions. If 
the equations determine definite solutions, the number of solutions 
is expected to equal the product of the d^rees of the equations. 
Special circumstances may, however, change this number. It can 
be shown that unless the number of solutions is infinite it cannot 
exceed the product of the degrees of the equations. 

If there are fewer equations than unknowns, the unknowns will 
not be determined. In this case, if the equations are consistent, 
there will be an infinite number of solutions. 

If there are more equations than unknowns, usually there will 
be no solution. In particular cases, however, there may be solu- 
tions. To determine whether there is a solution, solve part of the 
equations and substitute the values found in the remaining equa- 
tions. If any of them satisfy all of the equations, there is a solu- 
tion, otherwise there is none. 

Homogeneoiia Equations. — If all the terms of an equation have 
the same degree the equation is called homogeneous. A set of homo- 
geneous equations can often be solved for the ratios of the variables 
when there are not enough equations to determine the exact values. 

For example, take the homogeneous equations 

x-y-z = Q, ^x-y-2z = (i. 
Solving for x and y 

»"i«. y = -i^' 

;__!,■, Google 
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Any value can be assigned to z and the values of x and y can then 
be determined from these equations. Let z = 2k. The solution 
is then 

X'k, y-k, z = 2ft. 

Since k is arbitrary, x, y, z have any values proporti(»ial to 1, —1, 
2. Thisresult can be written x:y: 2 = 1: —1:2. 

ExerdsM 
Determine whether the following equations have no solution^ 
definite solutions, or an infinite number of solutions: 

1. J+ v+ ! = 1, 6. :r- y + 2z~l, 



2t-2v + 6z = 7, 


3i+ y- .-6, 


2i-3y + 4*-5. 


3i + 2|,-3!.2. 


2. » + 2i/+ i-O, 


7. 3.+ » + l-0, 


2.+ 11- !.5. 


21 + 3,-4-0, 


5a + 7y + 4* = 2. 


1 + 2,-3-0. 


3. .+2J + 1.0, 


8. • - , - 0, 


3.- v-4.0, 


«■-,■. 1. 


2. + 3J+1.0. 


9. llc-yY+(i,-')' + lr-xy-J, 


4. x+ y~ i = i, 


1? + y +ip -% 


ri! + 2B + 3..2, 


(«+,)' + («,+»)' + (« + »)'-3. 


5j + 8h + 7z = 14. 


10. w + I + y + z - 1, 


5. I + y - 5 - 0, 


w + 2a:-3,-4z = 2. 


3i + 2j,-12 =0, 


„_ ,-2,-3.-3, 


2x+ y- 6 = 0. 


ui-5i + 2, + 3a -3. 








11. x + y ~2t-Q, 


13. I + , - . - 0, 


3i-!/-4«-0. 


i> + !/»-5z'-0. 


12. 1+2,+ z-O, 


14. i> + i/'-.2.». 



Alt 9. tTnd«tennined Coefficients 

It is often necessary to reduce a ^ven expression or equation to 
a required form. This form is indicated by an expression or equa- 
tion having letters for coefficients and the reduction is made by 
calculating the values of these coefficients. 

In this work frequent use is made of the following theorem: If 
ttvo palyrumiala in one variable are eqwdfor ail values of the variable, 
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the coeffidetUa of ths same power of ths variable in the boo jMlyitomiaU 
are equal. To show this, suppose, for all values of x, 

ao + aiX + ai^+ ■ ■ ■ + a^" = ba + bix + ba?+---+ b^. 
Then for all values of x 

ia,-h) + iai-bOx+ ■ - - +(o,-60«" = 0. 
If the coefficients in this equation are not zero, by Art. 4, it cannot 
have more than n distinct roots. Hence the coefficient must all 
be zero and oo = 60, oi = 61, etc., which was to be proved. 

To reduce an expression to a given form, equate the expression to 
the given form, clear of fractions or radicals, and determine the un- 
known coefficients by the above theorem. 

Example 1. To find the coefficients a and 6 such that 



(x - 1) (j: + 3) I - 1 a: + 3 
dear of fractions, getting, 

a:-o{a: + 3)+6(a:-l) = (a + &)i + 3a-6. 
If this equation holds for all viJues of x, 

+ 6 = 1, 3tt-6 = 0. 
Hence o " 1, & = f . Conversely, if a and b have these values, the 
above equations are identically satisfied. Therefore 

In many cases the expression can be more easily changed to the 
required form by simple algebraic processes. This is particularly 
the case with second degree exja^ssions where completing the 
square may give the required result. 
Example 2. To reduce the expression 
l + 4a:-2i> 
to the form a — 6 (x — c)', it can be written 

1 _ 2 (li - 2x} = 3 - 2 (x - 1)', 
irtiich is the result required. 

L:,.i,-z__iv,CoOglc 



18 Ai/jEBBAic Princifles Chap. 1 

In reducing equatioiiB to a required form it should be noted that 
multiplying an equation by a number gives an equivalent equation. 
Thus, x + y = 1 and 2x + 2y = 2 are equivalent. Two cqua- 
tions are then equivalent when corresponding coefficients are pro- 
portional. 

Example 3. To find it such that x + Sy — 1 =0 and Sx — y 
— 3 + fe(:i: + 3y— l) = Oare equivalent, write the last equation 
in the form 

(3 + fc) I + (3 A - 1) » - (ft + 3) = 0. 
This is equivalent toai + Sy — 1 -»Oif corresponding co^cients 
are proportional, that is, if 

3+fe 3ft-l ft+3 
1 " 8 " 1 ' 
These equations are satisfied by ft ■> —5. 

EieidsM 
Seduce the following expresmona to the forms indicated: 

1. 2a' + 3» + 4 - C<u; + 6)' + c. 

2. S + 2x-3^ -b- (x-a)*. 

3. s^ + xy + y — a(x + my)* + b (y — ms)', 

■*■ x(x-2)~x'^ir^' 

. 1 ax + 1) , e 



"■ (i + 3) (i* + 1) a? + 1 ^x + 3 
Reduce the foUowii^ equations to the forms indicated: 

6. 3x - iy = 5, y = mx + h. 

7. 2. + 3,-4, i + «-l. 

8. 8;i» + 2,'-6« + 4,-l, (j^^^<Uj^, 



4b'-4i: + 8i,-4, 


"V 


-_a-i 


a-1. 


-K + B- 


0, 

Alt 10. 


(. + »- 
Fnnctioiu 


!) + *(.- 


V + 3) 



It is (rften desirable to state that one quantity ia determined by 
another. For this purpose ^ word function is used. A quantity 
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y is called a functioo of i: if values of x determine values of y. Thus, 
iiy " 1 — x\ then yiaa, fuuctioa of x, for a value of x detennines a 
value of y. Similarly, the area of a. circle is a fuuctioa of its radius; 
for, the length of radiua being given, the area of the circle is deter- 
mined. 

It is not necessary that a value of the variable determine a «n^ 
value of the function. Pt may be that a limited number of values 
are determined. Thus, ]/ is a function of x in the equation 

^-2xy + y* + x = l. 

To each value of x correspond two definite values of y obtained by 
solving a quadratic equation. 

If a single value of the function corresponds to each value of the 
. variable, the function is called djigle vcdxied. If several values of 
the function correspond to the same value of the variable the 
function is called many valued. 

EJnds of FuactioiiB. — Any expression containing a variable is a 
function of that variable, for, a value of the variable being given, a 
value of the expression is determined. Such a function is called 
exjAidl. Thus Vx* + 1 is an explicit function of x. Similarly, if 
y = Vx" + 1, then j/ is an explicit function of x. 

If X and y are connected by an equation not solved for y, then y 
is called an implicit function of x. For example, y is an implicit 
function of a; in the equation 

a^ + y* + 2i + y = l. 

Also X is an implicit function of y. 

Explicit and implicit do not denote properties of the function 
but merdy of the way it is expressed. An implicit function is 
rendered eiqdicit by solving. For example, the above equation is 
equivalent to 



!/ = i (-1 ± V5-8X-43?). 
A ratwnal function is one representable by an algebraic expression 
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oontainii^ no fractional powers of variable quantities. For example, 

j;V5 + 3 
1^ + 2 
IB a rational function of x. 

An irralumai function is one represented by an algebraic expre»< 
non which cannot be reduced to a rational form. For example, 
Vx+ 1 ia an irrational function of x. 

A function is called dgtbraic if it can be expressed explicitly or 
implicitly by a finite number of algebraic operations (addition, 
subtraction, multiplication, division, raising to integral powers, and 
extraction of int^ral roots). All tlie functions previously men- 
tioned are algebraic. 

Functions that are not algebraic are called imnacendenkiL For 
example, x'^ and 2' are transcendental functions of x. 

The terms rational, irrational, algebraic, and transcendental de- 
note properties of the function itself and do not depend on the 
way the function is expressed. 

Notation. — A particular function of i ia represented by the nota- 
tion / (x), which should be read function of x, or/ of x, not/ times x. 
For example, / {x) = v'a? + 1, means that / (x) is the definite 
function v'l' + l. Similarly, y = f(,x) means that y ia a definite 
(thoi^ perhaps unknown) function of x. 

The / ilk the symbol of a function should be considered as repre- 
senting an operation to be perfonned on the variable. Thus, if 
J(x) = Va? -}- 1,/repreaentatheoperationof squaring the variable, 
adding 1, and extracting the square root of the result. If x is re- 
placed by any other quantity, the same operation is to be performed 
on that quantity. For example, / (2) is the result of peifonning 
the operation/ on 2. With the above value of/, 
/(2) = V¥+l - Vs. 

Similarly, 

/(y+D- V{» + 1)' + 1 = Vy^ + 2y + 2. 

If it is necessary to consider several functions in the same dia- 
cusaon, th^ are distinguished by subscripts or accents ta by titB 
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use of different letters. Thua, /, (je), /, (z), /, (x), f {x), j" (i), 
/'" (x) (readZ-oneof iE,/-twoo£a;,/-thTeeof a;,/-primeof z,/-8ecoiid 
of x, /-third of t), g {z) represent (presumably) diffCTent funetiona 
of z. 

FunctionB of Several VarUblea. — A quantity u is called a function 
of several variables if values (^ u are det^mined by values of those 
variables. For example, the volume of a cone is a function of its 
altitude and the radius of its base; for the vdume is determined by 
the altitude and radius of base. This is indicated by the notation 
v=/(A,r), 

Vrtiidi should be read, w is a function of h, and r, or ti is/ (rf ft and t. 
Similarly, the volume of a rectangular parallelopiped is a function 
of the lengths of ite three edges. If a, h, and c are Uie lengths (rf 
the edges, this ia expressed by the equation 

f=/(a,t.,c), 

which should be read, (I is a function of a, h, andc, or vis fed a, b,c. 

Independent and Dependent Taiiables. — In most problems there 
occur a number of variable quantities connected by equations. 
Arbitrary values can be assigned to some of these quantities and 
the others are then determined. Those taking arbitrary values 
are called independent variables; those determined are called de- 
pendent variables. Which are taken as independent and which as 
dependent variables is usually a matter of convenience. The num- 
ber of independent variables is, however, fixed by the equations. 

Example. The radius r, altitude A, volume «, and total surface S 
of a cylinder are connected by the equations 

Any two of these four quantities can be taken as independent vari- 
ables and the other two calculated in terms of them. If, for ex- 
ample, V and r sie taken as the independent variables, k and iS hav« 
the values 

fc-:^, 5 = 2-r" + — • 
»r r 

c,q,z.<ib,Coogle 
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1. ISf(x) -3? -3a! + 2, flhowthftt/Cl) -/C2) -0. 
a. If/ (*)-* + \, find/ (» + 1). Also find/ (i) + 1. 

3. If/{i;) = V?^n,find/C2i). Also find 2/ (*). 

4. H/M-^±-^,find/(iy AlBofind^. 

6. H ^ (s) - j:* + 2^' + 3, show that it (~x) - (fr (a). 

6. K * (a:) = s + -, show that [^ (x)]* = * (i*) + 2. 

7. If P (a) = ^^, show that F (a) F (-o) - 1. 

8. K/i ix) = 2-,/, (r) - 3?, find/, [A (y)). Also find/, |/, (y)]. 

9. If/(ai, jf) =*> +2*i/-6, showthat/(l, 2) =0. 

10. If F (j, jf) =3? + xy + y", show tliat F {x, y) - F (y, x). 

11. If/{i, v) = 3^ + 3)^ + 1^, akaw th&tf (,x,vx) -^(l.v). 

12. If 0, b, c are the sides of a right triangle how many of them. can 
be taken as independent variables? 

13. Eipreaa the radius and area ot a sphere in tenns of the volume 
taken as independent variable. 

14. Given u = ::^ + j^, v~x + y, determine x and j/ aa functions 
of the indq>endent variables u and v. 

16. If X, V, ; satisfy the equations 

x + y+ * = 6, 
x-y + 2f.5, 
2x + y- z-I, 
show that none of them can be independent variables. 



16. The equations 



i:+ y+ z 
e- y+2z 
is + iy+ z 



are dependent. Show that any one of the quantities x, y, z can be taken 
as independent variable. 

17. If u, II, X, V are connected by the equations 

ebow that u and x cannot both be independent variables. 



b, Google 



RECTANGULAR COORDINATES 

Art IL Definitions 

Scale on a. Use. — Id Art. 1 it has been shown that real numbers 

can be attached to the points of a straight line in such a way that 

the distance between two pointa ia equal to the difference (larger 

minus smaller) of the numbers located at those points. 

The line with its associiited numbers is called a scale. Proceed- 
ing along the scale in one direction (to the right in Fig. lla) the 



Fio. lla. 
numbeis mcreaae algebraically. Proceeding in the other direction 
the numbers decrease. The direction in which the numbers in- 
crease is called positive, that in which they decrease is called 
negative. 

CoSrdmateB of a Point. — In a plane take two perpendicular 
scales X'X, Y'Y with their zero points coincident at (Fig. lift). 
It is customary to draw X'X, called 
the X-axis, horizontal with its positive 
end on the right,. and Y'Y, called the 
y-acU, vertical with ita positive end 
above. The point is called the 
ori^. The axes divide the plane into 
four sections called quadrants. These 
are numbered I, II, III, IV, as shown 
in Fig. 1I&. 

From any point P in the plane drop 
perpendiculars PM, PN to the axes. Let the number at jtf m the 
scale X'X be x and that at AT m the scale Y'Y be y. These num- 
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bera X aad i; are called the Tedangular coordinaUs of P with respect 
to the axes X'X, Y'Y. The number x is called the abscissa, the 
number y is called the ordinaU of P. 

If the axes are drawn as in Fig. 116, the abscissa x is equal in 
magnitude to the distance PN from P to the i/-axis, is positive for 
points on the right and negative for points on the Mt of the v-axis. 
The ordinate y is equal in magnitude to the distance PM from P to 
the X-axis, la positive for points above and negative for points below 
the X-axis. For example, the point P in Fig. 115 has cofirdinates 
X = Z,y = 2, while Q has the codrdinates x = —3, y = —2. 

Notstian. — The point whose coordinates are x and y is represented 
by the symbol {x, y). To signify that P has the coordinates x and y 
the notation P (x, y) is used. For example, (1, -2) is the point 
X = l,y = —2. Similarly, A (—2, 3) signifies that the abscissa of 
A is —2, and its ordinate 3. 

Plottmg. — The process of locating a point whose codrdinates are 

given IB called plotting. It is convenient for this purpose to use 

coordinate paper, that is, paper ruled with two sets of lines as in 

Fig, lie. Two of these perpendicular lines are taken as axes. A 

certain number of divisions (one in F^^. lie, d and e) are taken as 

representing a unit of length. This unit should be long enoi^ to 

make the diagram of reasonable size but not so long that any points 

to be plotted fail to lie on the paper. By counting the rulings from 

the axes it is easy to locate the point having ^ven 

^ codrdinates (approximately if it does not fall at an 

intersection). 

Exatnjde 1. Show graphically that the points 
A (-1, -3), B (0, -1), C (1, 1) and D (2, 3) lie 
on a straight line. 

The points are plotted in Fig. lie. By apply- 
ing a ruler to the figure it is found that a strcught 
line can be drawn tbroi^h the points. 
Ex. 2. Plot the points P, (-2, -1), P, (3, 4) 
and find the distance between them. 
The points are plotted in Fig. lid. 

Let the horizontal line through Pi cut the vertical line through 

OOglf 



la. lie. 



P, in B. FrfHn the figure it is seen that PiR - 5, fiPi - 
Coneequently, 



P,P, = VP^ + RPJ - V50. 







Y 






















/ 














/ 














/ 




























/ 































Fio. lid. 



Fig. lie. 
1), B (4, -3), C (6, 2) and find 



£x. 3. Plot the points A (- 
the area of the triangle' ABC. 

The pointe are plotted in Fig. He. The triangle ABC is part 
of a rectangle CDEF with sides 5 and 7 and area 5 x 7 = 35. 
ADC, AEB and BFC are right triangles whose areas are {one- 
half base times altitude) 10), 5 and 5 respectively. The area of 
ABC is then 

CDEF - ADC - AEB - BFC - 35 - 20) = 14). 



Ezerdaes 

1. Plot the points A {4, 4), B (-4, 4), C {-4, -4), D (4, -4) and 
E (Vi, VZ). 

2. What are the algdiraic signs of the coordinates in each of the four 
quadrants? 

3. If a point lies on the i-axifl what is its ordinate? If it hea on the 
y-aw what is its abscissa? Where are all the points tor which 1 = 1? 
for which y — —2? 

4. Let a and b be any ^ven numbers. How is (a, b) related to each 
of the points (-a, 6), (o, -6), (-a, -6), (6, a), {a + 1, 6), (o, 6 - 2)T 

6. Plot the points (0, -2), (I, 1), (2, 4), (-1, -5) and verify from 
the figure that they lie on a line. 

B. Show graphically that the pointo (5, 0), (3, -4), (-4, 3) and 
(0, —5) lie on a circle. Find its center and radius. 

7. Ck>nstruct the point equidistant from (—3, 4), (S, 3) and (2, 0). 
Determine its coordinates by measivement. 

8. Plot the pomts A (1, 2) and B (3, 4). Let the horizontal line 
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through A meet the vertical line through B bx P. What are the co 
ordinat«a of P7 What are the lengths of AP and BP? Calculate the 
distance AB. 

9. Find the distance between A (-2, -3) and B (3, -4). 

10. Find the area of the triangle formed by the points (—3, 4), (6, 3) 
and (2, 0). 

Art. 12. Segments 

In this book the term line (meaning straight line) is used only 

when referring to the infinite line extending indefinitely in both 

directions. The part of a line between two points will be called a, 



In many cases a B^ment is regarded aa havli^ a definite direction. 
The ^'mbol AB is used for the segment beginning at A and endii^ 
at B. The s^ment beginning at B and ending at -1 is written BA, 

The value of a segment may be any one of three things that should 
be carefully distinguished. Whenever the symbol AB occurs in an 
equation it muat be imderstood which of these things is meant. 

(1) In many cases the value AB means the length of the segment. 
In this CBse AB = 3 means that AB has a length of three units and 
AB = CD means that AB and CD have equal lengths. 

(2) In other cases the symbol AB represents the length together 
with a sign positive or negative according as the BCgment is directed 
one way or the other along the line. For exajnple, the ^-coordinate 
of a point is equal to the segment NP (Fig. 116) considered positive 
when drawn to the right, negative when drawn to the left. The 
value of the segment is in this case a number with a positive or 
negative s^. 

(3) Certain physical quantities, such as velocities, include in their 
description the direction of the lines along which they occur as well 
as their magnitudes and directions one way or the other aloi^ those 
lines. Two segments representing such quantities are equal only 
when they have the same length and direction. The value of such 
a segment (called a vector) is not a number but a number and 
direction. 

Segments Parallel to a CoCrdlnate Am. — In most cases the value 
of a segment parallel to a coordinate axis will be the number equal 



in magnitude to the length of the segment and positive or negative 
according as the segment is drawn in the positive or negative direc- 
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tion of the axis. That is, horizontal segments are positive when 
drawn to the right, negative when drawn to the left; vertical seg- 
ments are positive when drawn upward, negative when drawn down- 
ward. 

Let Pi {x\, y\) and Pi (xi, vi) be the end points of a segment PiPi. 
If the segment is parallel to the x-mos (Fig. 12a) 

PiP, = JtfiAf, = 1,-1,, (12) 

for the difference Xj — Xi is equal in absolute value to the distance 
MiMi and is positive when Afi is on the right of Mi, negative when 
on the left. Similarly, if PiPi is parallel to the y-aiaa (Fig. 126), 
then 

PJ'i = NiNi = y,-yi. (12) 

Therefore in length and sign a segment paraliel to a coordinate 
axis is represented by the difference obtained by svbtraeiing the codrdv- 
■noie o/ the beginning from the coordinate of the end of the segment. 



Art. 13. Projection 
The projection of a point A on a line MN is the foot of the per- 
pendicular from A to MN. The projection of a segment AB is the 
segment A'B' of MN intercepted between perpendiculars from the 
ends of AB. Since parallels intercept proportional distances on 
two lines, the lengths of two segments on a line have the same ratio 
as their projections. Furthermore if two segments have the same 
direction along a line their projections have the same direotion. 
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For example, in F^. 13a or 13b, in both magnitude and sign, 
AB:BC = A'B':B'C: 




"P^ 



Fia. 13a. Fio. 136. 

In using this formula it should be noted that if AB and BC are 
distances, their projections must be distances and if AB and BC 
have algebraic signs their projections must have algebraic signs. 
For example, if the segments are projected on the coSrdinate axes 
and the values of the projections determined by equation (12), AB 
and BC must be considered opposite in sign when they have opposite 
directions. 

Example 1. Find the middle point of the segment joining 

Pi {ii, Vi) and Pi (ii, ji). 

Let P {x, y) be the middle point. Project on the axes (Fig. 13c). 

_ Since P is the middle point of 

PiP], in both length and direction 

P^P=PP^_ Hence 
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MiM = MM2, 
and so 



NxN = NNi, 



Consequently, 
ViQ.i3c. i = i(^i+^), y = h(yi + vt)- 

The sum of several quantities divided by their number is called the 
average. Hence each coordinale of the middle point is the average 
of the corresponding coordinates of the ends. 

Ex. 2. Given P, (-1, 1), P, (3, 4), find the point P (x, y), on 
FiPi produced, which is twice as far from Pi as from Pi (Fig, 13d). 



\it. U Distance between Two Poihts 29 

Since PiP is twice as long as FPj and they have opposite direo- 



PJ> = -2PPt. 
Consequently, 

M,M " -2 MM,, N,N = -2 NN^, 
and BO 

x+l = -2iZ-x), y-l=-2ii-y). 
Hence i = 7, y = 7. 
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Exerdaei 

1. On the line through A (-3, -4) and B (4, 2) find the point two- 
fifths of the way from ^ to 6. 

2. The points A (-1, -4), B (0, -1) and C (2, 5) lie on a line. 
Find the point P, on AC produced, auch that AB — CP. 

3. On the line through A (1, —1), S (3, 5} find two points each lA 
which is twice as far from A as from B. 

4. The pointB A (-4, 9), B (2, 0), C (4, -3), D (0, 3) Ue on a line. 
Find the ratio of the s^menta AB and CD. Do these segmentH have 
the BBine or opposite directions? 

5. On the line through A (2, — 1) parallel to the line through B (1, 1) 
and C (4, G) find two points each of which is at the distance BC from A, 

6. Given three points, Pi {x,, yi), Ft (x,, y,), P, (x,, yi), find the 
middle point Q of P|Pi, then find the point R one-third of the way from 
Q to P|. Show that each of its codrdinatefi is the average of the oorre- 
qjonding coordinates of Pi, Pi and Pi. 

Alt 11. Distance between Two Fomts 
Let the points be Pi (x,, yO and P, {xi, y,) (Fig. 14a or 146). Let 
the projections of PiPi on the axes be MiMj and NiNi. Let the 
lines PiA''i and P,Mi intersect in R. In the right triangle PiflPj 

P,Pj = VPiip + fiPj». 
Now PiB = AfiMi and the distance between two points of a scale 
is equal to the positive difference of theb coflrdinateB. Conse- 
quently, P,B> = (ii - (Ei)>. Similarly, RP^ = (j/i - j/i)'. There- 
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In this formula, mace xt — xiia squared it is immaterial whether 
it is written xi — Xi or Xi — xi. Similarly, instead of Vi — j/i can 
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Fio. 14a. 



Fig. 14&. 



be put ^1 — ]/t. The formula expresses that th& distance between 
two points is equal to the square root of the Stan of the squares of the 
differences of corresponding codrdinates. 

Example 1. Find the distance between the points A (—1, 1) and 
B (1, -2). 
By the fonnula 

AB - V{l + iy + (-2-iy - v^. 
Ex. 2. Find the points 2 units distant from the x-axis and 5 units 
_ distant from the point A (1, 2). 

Let P (x, y) be such a point 
(F^. 14c). Since PX- 5 

{x-1)'+(k-2)' = 25. 
Since the pomt is two units distant 
from the x-axia 

V-±2. 
Substitution of 2 tor y in the pre- 
vious equation gives x = 6 or — 4. 
Substitution of —2 for y gives x = 4 or —2. There are conse- 
quently four points P, (6, 2), P, (-4, 2), P, (-2, -2), P* (4, -2) 
which satisfy the conditions. 

Ex. 3. Find a point equidistant from the three points, A (9, 0), 
B(-6,3)andC(5, 6). 
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Fig. 14c. 



Art 14 

Let F {x, y) 
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e the point required {Fig. 14if). Since PA - PB 



v'(x - 9)* + j/» « VCr + 6)' + (J - 3)>. 

Squaring and cancelling. 

Similarly, since PA = PC, 

Solving simultaneously 
gives 3! = 1, V - —1, The 
required point is therefore 
(1, -1). 
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1. Frndthepenmeterof the triangle whose verticee are (2, 3), (—3,3) 
and (1, 1). 

2. Show that the points (1, -2), (4, 2) and (-3, -B) are theverticea 
of an isoecdee triangle. 

3. Show that the points {0, 0), (3, 1), (1, -1) and (2, 2) are the 
vertices of a parallelogram. 

i. Given A (2, 0), B (1, 1), C (0, 2) show that the distances AB, BC 
and AC satisfy the equation AB + BC — AC What do you conclude 
about the points? 

5. Show that (6, 2), {-2, -4), (5, -5), (-1, 3)areonacirclewhoBe 
center is (2, - 1). 

6. It can be shown that four points form a quadrilateral inscnbed 
in a circle if the product of the diagonals is equal to the sum of the prod- 
uota of the opposite sides. Assuming this, show that (—2, 2), (3, ~3), 
(I, 1) and (2, 0) lie on a circle. 

7. Find the coordinates of two points whose distances from (2, 3) 
are 4 and whose ordinates are equal to 6. 

8. Find a point on the x-axis which is equidistant from (0, 4) and 
(-3, -3). 

9. Find the center of the drcle passii^ throi^ (0, 0), (—3, 3) and 
- (6,4). 

10. Given A (0, 0), B (1, 1), C (-1, 1), D {I, -2), 6nd the point 
in which the perpendicular bisector of AB cuts the perpendicular biseo- 
tor of CD. 

11. Find the foot of the perpendicular from (1, 2) to the line j<aidng 
(2, 1) and (-1, -6). 
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Art. 15. Vecbns 
A vector is a sediment of deBoite length and direction. The 

pcout Pi is the bcgnning, the point Pt the end of the vector PtPt- 
The direction of the vector along its 
line is often indicated by an arrow as 
shown in fig. 15a. 

7*1110 vedora are eaUtd equal if they 
have lite tame length and direcHon. For 
example, in Fig. I5a, PiPi = PfP*. If 
two vectors have the same length but 
oppodte directions, either is called 
the negative of the other. For ex- 

ampJe, PiP, PtPi - -PJ'i. 

Let the projections of PiPi on the coordinate axes be MiMi and 

tfiNi [Fig. 156). The x-compmerd of the vector PiPj is defined 

as the length of M,Mt or the negative of 

that length, according as MiMi has the 

positive or negative direction along the 

;F-asis. Similarly, the y-armponetd is the 

distance N^Nt or the negative of that 

distance, according as NiNi is drawn in 

the positive or negative direction along 

the y-axia. For eitample, in Fig, 156, the 

components of PiPi are 3 and 4, while 

those of PiPj are —7 and 3. 
Let the points be Pi {xi, yO, F, (ii, yi). In Art. 12 it has been 

shown that in magnitude and sign MiMt and ^i^» are represented 

hy xt — Xi and yj — yi. Hence ii — xi is the a^^!omponent and 

y% — yi IB the y-component of PiPj. That is, the components 

of a vector are obtained by subtracting the coordinates of the 

beginning from the corresponding co6rdinates of the end of the 
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Fig. 166. 



If two vectors are equal their components are equal. For let 
PiPi = PtPt (F%. 15c). Then, since by definition ot equality 
PiPi and PiPt have the same length and direction, the triangles 



b, Google 



Art 15 Veck 

PiRPt, PtSPi are equal and cor- 
responding sides have tbe same 
directioii. Consequently, Id both 
length and sign, 



AfiAf, = PiB = PiS = 

JV.JV, " RPi = SPi = 






^; 



Pia. 15c. 
direction. Consequently, tbe 



Conversely, if the component are 
equal, tbe triangles are equal and 
corresponding sides have the san 
vectors are equal. 

Notation. — In this book the vector whose components are a and b 
will be represented by the symbol la, b]. To signify that the vector 
u haa the components a and b, the notation u [a, 6] will be used. 
Fcff example, PiPt = [—2, 3] means that the vector PiPi has an 
a}-eomponent equal to —2 and a ^/-component equal to 3. If the 
points Pi and Pi are (xi, yi) and (xj, j/i), the components of PiPj are 
Xt — Xi and Vi — Ji and 

PiPi =lxt- X,, yt - yi]. 

Example 1. Construct a vect<» equal to 
[-2, 31. 

p. -jj. The vector OP from the origin to the point 

P (-2, 3) is 
0P= [-2-0,3-01= [-2,3]. 

Hence OP is a vector of the kind required (Fig, 15d). 

Ex. 2. Show that the points A (1, 3), B (2, 1), C (3, 4), D (4, 2) 
form the vertices of a parallelogram. 
The vectors AB and CD are equal. For 
AB^ [2-1,1-31= [1,-2], 
CD= [4-3,2-41 = [1,-21. 
That is, AB and CD are parallel and have the 
same length. Consequently ABCD is a paral- 
Idc^Tftm (Fig. ISe). 
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Bx. 3. Find the area of the triai^le PPiPi, given 

PPi - [at, 6,1, PPi = K bt]. 

the sides of the 



r~yr;.' ! In Fig. W tl 

,'"' 'i : 'i'\ shaded trianglea t 

,-'' _— "'I"' marked on them. 

, ■'', ..- -^^ ■■' ' triangle PPiP, U 



The area of the 

triangle PPiPt U equal to the area 

j'* j^ ' of the whole rectangle leas the sum 

Pio^ 1^^ of the areas of the shaded triangles, 

Hence 

PPiPj-oi&,-ioA-iot&i-i(o,-ai){6,-6i) = JCai6»-aA). 

This reeutt is shown for a particular %ure. By drawing oth^ 

figures it will be found that the result is always correct if the ai^le 

from PPi to PPi is positive (that is, drawn in the counter-clockwise 

direction). If that angle is negative the formula gives the negative 

of the area. 

EjcercUoi 

1. If the vectore AB and CD are equal show that AC and BD are 

2. TiAB= A,Bi, BC = B,Ci, show that AC - AiCi. 

3. The components of a vector are a, b. Show that the components 
of ita negative are —a, —b. 

i. Show that the vector [a, b] is equal to the vector from the anffu 
to the point (a, b). 

5. Conatruct vectors equal to (2, 3], [-2, 3], [-2, -3], and (2, -3). 

6. Show that the points P (-1, 2), Q (1, -2), B (3, 4), S (5, 0) are 
the vertices of a parallelogram. 

7. A vectorequal to [— 3, 4]beginsat thepoint (I, — 2). Whatare 
the coordinates of its end? 

8. Thepoint8(l, 2), {-2, -1), (3, -2)aretheverticeaof a trian^e. 
Find the vectore from the verUces to the middle points of the opposite 
sides. 

9. Given A (2, 3), B (-4, 5), C (-2, 3), find D such that AB - CD. 

10. The middle point of a certain segment is (1, 2) and one end ia 
( — 3, 6). Find the coordinates of the other end. 

11. By showing that the area of the triangle ASC is zero show that 
the points A (0, ~2), B (I, 1) and C (3, 7) lie on a line. 

12. Find the area of the quadrilateral whose vertices are the points 
(-2, -3), (I, -2), (3, 4), (-1, 6). 
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13. Show that the vectors [oi, bi], [at, bt] are parallet if and only if 
oi/o, - bi/hi. In this way show that the line through (—1, 2) and 
(3, 4) ie parallel to that through (1, -1} and (9, 3). 

Alt 1ft. Holt^Ie of a Vector 

If u is a vector and r a real number, the symbol ru is used to rep- 
reeent a vectOT r times aa long as u and havii^ the same direction 
if r ia positive, but the opposite di- 
rection if r ia negative. 

In Fig. 16, let u = [a, b] and 
V = m. Since u and v are parallel 
their components have lengths pro- 
portional to the lengths of u and t>. . 
Also corresponding components 

have the same or opposite signs according as u and ii have the 
same or opposite directions. Hence the components of v are ra 
and rb. That is, 

V = K r6I. 

Hence to midtij^y a vedor by a number, multiply each of ite com- 
ponents by that nurafier. 

Exampk I. Given Pi (-2, 3), Pi (1, -4), find a vector having 
the same direction as PiPi but 3 times as long. 

The vector required is 

3PiPi = 3[3, -7| = [9,-21]. 

Ex. 2. Find the point on the line joining Pi (2, 3), Pj (1, -2) 
and one-third of the way from Pi to Pj. 
By hypothesis PiP = J PiPi, that is, 

[x-2,y-3] = i I-l, -51 = [- J, -S]. 
Hence x — 2 = — |, y — Z = —J, and consequently x = ^, 

v-i. 

Ex. 3. Show that the segment joining the points A (1, —1), 
B (5, 7) is parallel to and twice as long as that joining C (4, 3), 
0(2.-1). .. , 
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The vectors are 

AB=[i,8], CD~l-2,-i]. 
Hence AB = —2 CD. Consequently the segments are parallel 
and the first is twice as long as the second. 



Alt 17. Addition and Sulitraction of Vectors 
Sum of Two Vectors. — Draw a vector equal to v, begmnii^ at the 

end of u. The vectc^ from the beginning of u to the end of v is 

called the sum of u and v. 
Let u = [oi, bi], V = [a,, btV From the diagram it is seen that 

the componenta of u + w are oi + oj and 6i + 6i. This ia true not 
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Fio. 17a. 



Fig. 17b. 



only in Fig. 17a but also in Fig. 17b, for there Oi is negative and 
oi + oj is in absolute value equal to the difference of the lengths of 
the projections. Hence 

» + v=[ai+at, bi + bi], 

that is, vectors are added by adding corresponditig components. 
Example 1. Show that u + v = v + u. 

The sum w + « results when v is put at the 
end of u, while p + u is given by putting u 
at the end of v. The two are equal since 
both are equal to the vector diagonal of the 
parallelogram whose sides are « and v (Fig. 
17c). 

Ex. 2. Show that (« + y) + w •= w + (v + w). 
In the expression (m + u) + w the sum of u and u is added to w, 
while in u + (v + v>),uis added to the sum of o and w. In 
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Art 17 Addition and Subtraction op Vectobs 

Kg. 17d let M - AB, v 80,10" CD. Then 

(u + v)+iB = AC + CD = AD, 

u + {v + w)=AB + BD = AD. 
The two sums are coasequently equal. 
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Difference of Two Vectors. — 

Draw vectoiB equal touand v, 

begimiing at the aame point 

(Fig. 17e). The vector BG 

from the end of v to the end of u ia called the difference u — v. 

Let u = [ai, bi], v = [ot, bt]. It is seen from the diagram that 

the c(Hnponents of u — c are oi — ai and bj — bi. Consequently, 

t( — D = [oj — ai, bt — bi], 
that is, vectors are snbtraded by subtracting correajxmdivg components. 
Examiple 1. Show that w + (— «) = w — o. 
In Fig. 17e, -v = BA. 
Hence 

u + (-0) = AC-\-BA = BA+AC = BC = u-v. 

Ex. 2. Two segmente equal to [2, —3] and [3, —1] extend from 
the point A (2, 2). Find their ends and the vector connecting their 
ends. 

In F^. 17/, by hypothesis, 
OA=t2,21, APi=[2,-3], AP,= [3,-1]. 



OPi=OA + APi'= [2 + 2,2 - 31 - (4, -1], 

OPx=OA + APi- [2 + 3, 2 - 1] =■ [5, l]. ^''- "■^■ 

Consequently Pi and Pj are (4, —1) and (5, 1). Also 

PiPt =" APt - APi - [3 - 2, -1 + 31 = [1, 2]. 

Ex. 3. If weights lOi, wi, wi, etc., are located at the points Pi, Pi, 

Ft, etc., the center of gravity of these wdghte can be defined as the 

I . .IV, Google 
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point P satisfying.the equation 

vhPPi + IU.PP1 + tcPPi + etc. = 0. 

Find the center of gravity of three weights of 2, 3 and 5 pounds 

placed at the points Pi (-2, 1), Pt (1, -3), Pi (4, 5) respectively. 

The center of gravity P satisfies the equation 

2PP, + 3PPi + 5PP. = 0, 

that is, 

2 [ - 2 - 1, 1 - yl + 3 [1 - X, - 3 - y] + 5 [4 - 1, 5 - »1 
- [I9-IO1, I8-IO1/] = 0. 
Consequently the coordinates of the center of gravity are X = 1.9 
and y = 1.8. 



1. GivMi P (1, -3), Q (7, 1), R (-1, 1), S (2, 3), show that PQ has 
the same direction as RS and ia twice as long. 

2. Given Pi (2, -3), P, {-1, 2), find the point on P,Pt which ia 
twice aa far from Pi as from Pj. Also find the point on PjPt produced 
which is twice as far from Pi as from Pi. 

3. Find the points P and Con the line through Pi (2, -I),P,(-4,S) 
if PiP - ~i PPi, PxQ - -i PiP.. 

4. One end of a segment is (2, — 5) and a point one-fourth of the dis- 
tance to the other end is (—1, 1). Find the coordinates of the other end. 

6. Given the three points A (-3, 3), B (3, 1), C (6, 0) on a line, find 
the fourth point D on the line such that AD: DC = ~ AB: BC. 

6. Show that the line through (-4, 5), (-2, 8) is parallel to that 
through (3, -1), (9, 8). 

7. If the vectora AC and AB satisfy the equation AC = tAB, where 
r is a real number, showthat A, £, Clie on aline. In this way show that 
(2, 3), (-4, -7) and (5, 8) Ue on a hne. 

8. Given A (1, 1), B (2, 3), C (0, 4), find the point D such that 
BD-2 DC. Show that AD = \[AB + 2 AC]. 

9. In Ex. 8 find the point P such that PA +PB + PC - 0. 

10. If is any vector let 1^ mean the square of the length of f . Given 
Pi = 12, 5], Vt = [10, —4], show that {vi + Wj)' = i>^ +vf and conse< 
quently that Vi and vt are perpendicular to each other. 

11. Show that the vectors from the vertices of a triangle to the 
middle pointa of the opposite sides have a sum equal to zero. 

12. Find the cent^ of gravity of two weights of 1 and 4 pounds 
placed at the points (3, —4) and (2, 7) respectively. 
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13. Show that the center of gravity of four equal weights placed at 
the vertices of a quadrilateral is the middle point of the segment joining 
the middle pointa of two opposite sides of the quadiilat^al. 



Art 18. Slope of a Line 

Let Pi (x,, yi), Pi (a:,, y^ be two pointa of the line MN. The 
ratio 

"-£^ (18a) 

ie called the slope of the line MN. The same value of the slope 
is obtained whatever pair of points on the line is used. For, if 




Pi, Pi and P%, Pt are pairs of points on the same line, the trianglea 
PiRPi and PtSPt are similar and 



gP. 
PiB~ 



SP, 
P*S° 



Let <k be the angle measured from the positive direction of the 
X-axis to the line MN. This angle is considered positive when 
measured in the counter-clockwise direction, n^^tive when mea^. 
ured in the other direction. The tangent of this angle is BPi/Pifl. 
Accordingly 

m = tan«. (18b) 

Hence the slope of a line is equal to the tangent of the angle from 
the positive direction of the x-axis to the line. 
Since the x-ojob is horizontal, the steeper the line the nearer is the 

_ h.C.LKV^Ic 
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ai^]e to 90° and consequently the greater the elope. The slope is 
thus a measure of the steepness of the line. 

If the line extends upward to the right, as in Fig. 18a, the com- 
ponents PiR and RPi have the same sign and the slope ia positive. 
If the line extends upward to the left, as in Fig. 186, the components 
have opposite signs and the elope is negative. 

Parallel lines. — // two lines are paraUel, they have the same slope; 
for the aisles ^ and ^ (Fig. 18c) are then equal and their slopes, 
tan #1 and tan ^ are equal. Conversely, if the slopes are equal, 
the angles are equal and the lines are parallel. 




Peipendicular Lines. — In Fig. 18(J, let the lines AB and CD be per- 
pendicular. Since the exterior angle is equal to ^ sum of the two 
opposite interior angles 

*i = *, + 9(y. 

Consequently tan*i= — cot^" — t —• 

Conveisely, if this relation holds, ^ and ^ differ by 90° and the 
lines are perpendicular. If mi and mt are the slopes, mi -^ tan ^, 
tm ■= tan ^, and 

m, - - -i- {18c) 



Two lines are perpendicular if and only if the slope of cme is equal 
to the negative reciprocal (^ the slope of the other. 

Angle between Two lines. — Let two lines L\ and In make with the 
z-ans the angles ^ and 4i (Fig. 18e). If |3 is the angle from Li to 
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£] (poBitive when measured in tlie counter-clockwise direction), 
fl = *» - *i. 



tan^ = tan (^i — ^ 

tan^ — tan^ 



1 + tan 01 tan 4>» 



If mi and mi are the slopes of the 
lines, mi => tan ^, nti = tan ^, 
whence 

tan^ = 




(ISd) 



1 + mim) 

In using this formula it should be remembered that ff is measured 
from Lito Lt. 

Example 1. Show that the line through A (1, —3), B (5, —I) is 
parallel to that through C t-3, -2), D (-1, -1). 
-1+3 1 



Slope oiAB = 



-1+2 1 



Since the slopes are equal the lines are parallel 

Ex. 2. Show that the line through A (2, 3), B (—4, 5) is perpen- 
dicular to that through C (1, 1), D (2, 4). 



Slope of AB - 
slope of CD = 



-4-2 



Since either slope is the negative reciprocal of the other, the lines 
are perpendicular. 

Ex. 3. Find the angles of the triangle formed by the points 
X(-l, 2), B(l, 1), C(3, 4). 

The triangle ie shown m f%. 1^. The slopes of AB, BC, CA 
are found to be — J, | and J respectively. Between two lines such 
as AB and AC are two positive angles leaa than 180°. One of 
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theee is interior, the other exterior to the triangle, rrom the 
figure the positive interior angle A is seen 
to extend from AB to AC. Consequently, 



l^ 



i&aA = 



'i + iC-i) 3 

In the same way it is found that 
tanB = -8, tanC = f. The angles of the 
triangle are therefore the positive angles less 

than 180° whose tangenta are |, —8 and ^. The angles A and C 

are acute, B is obtuse. 



Pio. ISf. 



Eierdaes 

1. Find the slopes of the sides of the triangle formed by the points 
C-1, 2), {1, 3) and (2, -4). 

2. Find the angle from the x-axis to the line joining (1, 1) and 
C-t, 5). 

3. The angles from the i-axia to three lines are 45°, 120° and —30° 
respectively. Find the slopes of the lines. 

4. The sides of a triangle have slopes equal to |, 1 and 2. Show that 
the triangle is isoacelea. 

5. If the slopes of AB and BC are equal, show that A, B, C lie on a 
line. In this way show that the points (4, 1), (1, 2) and (—5, 4) lie on a 

6. Show that the hne through (1, -3) and (-1, 3) is parcel to 
that through (3, -5) and (0, 4). 

7. Show that the lines determined by the pairs of points (2, 3), (3, fi) 
and (I, 7), (3, 6) are perpendicular to each other. 

8. Show that the vectors [a, 6] and [c, d] are parallel if h/a " d/c and 
perpendicular if b/a = —e/d. 

0. Findtheinterioranglesof the triangle formed by the points (2, 3), 
(-4, 5) and (1, -2). 

10. lanes jom the point (-2, 2) to the points (-3, 1), (0, 2) and 
(1, —1). show that one of these bisects the angle between Oie other 

11. Two lines have slopes equal to 2 and —3. Find the slopes of the 

two bisectors of the angles between these lines. 

12. Find the angle between the lines joining the origin to the two 
points of trisection of the segment joining (—2, 3) and (1, —7). 

13. The slope of AB is i. Find the slope of Ci> if the angle from 
AB to CD ia 30*. 
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14. By ehowing that the anglee CAD and CBD are equal show that 
the points A (6, 11), B {-11, 4), C (-4, -13), D (1, -14) lie on a 

15. A point ia 7 units distant from th^ origin and the slope of the 
line joinii^ it to (3, 4) ia ). Find its coordinates. 

16. A point is equidistant from (2, 1) and (—4, 3) and the slope of 
the line joining it to (I, — 1) is |. Find its codrdinates. 



Alt 19. Graphs 

In many cases corresponding values of two related quantities are 
known. Each pair of values can be taken as the codrdinates of a 
point. The totality, or locus, of such points is called a graph. 
This graph exhibits pictorially the relation of the quantities repre- 
sented. There are three cases differing in the accuracy with which 
intermediate values are known. 

Statistical Graphs. — Sometimes definite pairs of values are given 
but there is no information by which intermediate values can be 
evfen approximately inferred. In such cases the values are plotted 
and consecutive points connected by straight lines to show the 
order in which the values are given. 

Exam]de 1. The temperature at 6 a.m. on ten consecutive days 
at a certain place is given in the following table: 

Jan. 1 2 3 4 5 6 7 8 9 10 
19" 27° 11" 40" 34" 28° 36" 18° 42° 38' 

These values are represented by points in Fig. 19a. Points repre- 
sentii^; temperatures on consecutive days are connected by straight 
lines. At times between those 
marked no estimate of the temper- | 
ature can be made. I 

Physical Graphs. — In other cases I 
it is known that in the intervals ^ 
between the values given the vari- 
ables change nearly proportionally. 
In such cases the points are plotted 

and as smooth a curve as possible is drawn throi^h them. Points 

Klglf 
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of this curve between those plotted axe assumed to represent 
approximately corresponding values of the variables. 

Ex. 2. The observed temperatures 9 of a vessel of cooling water 
at times I, in minutes, from the beginning oi observation were 



t • 



1 



10 



15 



53.5' 45" 
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tf = 92" 85.3° 79.5' 74.5' 
These values are plotted in Fig. 196. Since the temperature de- 
creases gradually and during the intervals given at nearly constant 
rates a smooth curve drawn throi^h 
these points will represent approxi- 

Smately the relation of temperature 
and time throughout the experi- 
ment. 

The Graph of an Equation. — In 
other cases the equation connect- 
ii^ the variables is known. The 
graph then consists of all points 
whose coordinates satisfy tbe equation. Arbitrary values are as- 
signed to either of the variables, the 
corresponding values of the other vari- 
able calculated, and the resulting points 
plotted. When the points have been 
plotted so closely that between consecu- 
tive points the curve is nearly straight, 
a smooth curve is drawn through them. 
Ex. 3. Plot the graph of the equa- 
tion y = x\ 

In the following table values are as- 
signed to X and the conesponding 
values of y calculated: 
X = -5 -4 -3 -2 -I 1 2 3 4 5 
y= 25 16 9 4 10149 16 25 
The points are plotted in Fig. 19c. The 
part of the curve shown extends from 
curve 
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5 to I =-1-5. The whole 
an indefinite distance. Horizontal lines cut the 
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the curve at equal distances right and left ot the y-taae. This 
is expressed by saying that the curve is E^ymmetrical with respect 
to the if-axis. 

Ex. i. The force of gravitation between two bodies varies in< 
vereely as the square of their distance apart, that is, F — k/eP, k 
being constant. Assuming k = 10, plot the curve 
representing the relation of force and distance. 

In the following table values are assigned to 
d and the corresponcUog values of F calculated: 

d = 0.5 I 1.5 2 3 5 10 

f =00 40 10 4.4 2.5 1.1 0.4 0.1 
The distance d cannot be negative. For very 
large values of d, P is very small. Hence when d 
is large the curve very nearly coincides with the 
horizontal axis. When d is very small F la very ' 
large and the curve very nearly coincides with 
the vertical axis (Fig. 19d). Fia. IM. 

Units. — Before a graph can be plotted a length must be chosen on 
each axis to represent a unit measure of the quantity represented 
by that coordinate. If the quantities represented by x and y are 
of different kinds, for example temperature and time, these lengths 
can be chosen independently. If, however, these quantities are 
of the same kind it is usually more convenient to have the same 
unit of length along both axes. This is also the case in graphing 
mathranaticaJ equations where no physical interpretation is given 
to X and y. Other things being equal, a large curve is better than 
a smaB one. Such units of length should then be chosen as to 
make the curve spread both vertically and horizontally very 
nearly over the region available for it. If several graphs are to 
be compared, the same unit lengths should be used for all. 
Exeidsel 

1. The price of steel rails each year from 1892 to 1907 was as foUows, 
in dollars per gross ton: 

302824242SI9I3 2S32 272828232328 28 
Make a graph showing the relation of year and price. (Let x be the 
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number of years beyond 1892 and y the amount that the price exceeds 
18 dollars.) 

2. The amplitudes of successive vibrations of a pendulum set in 
motion and left free were 

Number of vibration 12 3 4 6 6 7 

AmpUtude 69 48 33.5 23.5 16.5 11.5 8 

Plot points representing these pairs of values and draw a smooth curve 
through them. Do points of tiiis curve between those plotted liave any 
physical meaning? 

3. The atomic weight, W, and specific heat, 5, of several chemical 
elements are shown in the following table: 



Make a graph showing the relation of specific heat and atomic weight. 

4. The table below gives the manmum length of spark between 
needle points of an alternating current under standard conditions of 
needlea, temperature and barometric pressure. 

L — length in millimeters. V « electromotive force in kilovolts. 
y = 10 15 20 25 30 35 40 45 50 60 70 80 
J. ~ 12 18 25 33 41 51 62 75 90 118 149 iSO 

Make a curve showing the relation of voltage and length of spark. 

5. In the table below are given the maximum vapor pressures of 
water at various temperatures, where T •• temperature in degrees Centi- 
grade and P = pressure in centimeters of mercury: 

50 60 70 80 90 100 
9.20 14.9 23.3 35.5 52.5 76 

Make a graph showing the relation of temperature and vapor pressure. 

6. The rate for letter postage is two cents for each ounce or fraction. 
Make a graph showing the relation of weight and cost of postage. (The 
cost for 1.5 ounces is the same as that for 2, etc.) 

7. Make a graph showing the number of centimeters y in a: inches. 

8. Make a graph showing the relation between the side and the area 
of a square. 

9. According to Boyle's law the pressure and volume of a gas at con- 
stant temperature are connected by the equation 7111 = constant. 
Assuming the constant equal to 10, construct the curve representing 
the relation of pressure and volume. Can p or i> be negative? 

10. Plot the curve y=z>~2x + 3. Shew that it passes through 
the point (I, 2). 
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U, On the same diagram plot the curvea y ^ x* and y <- (z + 1)*. 
How are they related? Show that they both paaa through the point 

(~i. A)- 

12. On the same diagram plot the ourvee I = l/y'anda: = l/(y—2)K 
How are they related? Show that both pass through (1, 1). 

13. On the same diagram plot the graphs of x + y ~ 2 and 
2* — 3v = I. What are they? Find their point of intersection. (It 
must have coordinates satisfying both equations.) 



Art 30. Equation of a Locus 

// a tocws and an equation are such thai (1) every poitd on the 
locus has coordinates thai satisfy the equalion and (2) every point 
whose codrdinatea satisfy the equation lies on the locus, then the equa- 
tion is said to represent the locus and the locus to represent the equalion. 

Usually a looua is defined by a property possessed by each of its 
points. Thus a circle is the locus of pomts at a constant d 
from a fixed point. To find the equa- 
tion of a locus express this property by 
means of an equation connecting the 
coordinates of each locus point. The 
graph is constructed by using the defini- 
tion or by plotting from the equation. 

Example 1. Find the equation of a 
circle with centfir C (— 2, 1} and radius 
equal to 4. 

Let P {x, y) (Fig. 20a) be any point 
on the circle. By the dc&nition of a circle, CP ^ 4, and this is 
equivalent to 




FiQ. 20a. 



which is the equation required. By squaring this can be reduced 
to the form 

(a; + 2)' + (y - D' = 16. 

Ex. 2. A curve is described by a point P {x, y) moving in such a 
way that its distance from the ^-axis equals its distance from the 
point Q (I, 1). Construct the curve and find its equation. 
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The curve is constructed by locating points such that MP = QP. 
Since no point below the x-axia can be equally distant from Q and 
the x-axia, the curve lies entirely above 
the X-axis. Hence y is positive and 
equal to the distance MP. Also 
QP = V{x - l)t + (i, _ 1)'. Con. 
sequently, if P {x, y) is any point on 
the curve, 




Pia. 206. 



1/ = V(x - D' + (y - 1)*. 
Conversely, if this equation is sati»- 
&ed, the point P is equidistant from Q and the x-axis and so lies 
on the curve. It is therefore the equation of the curve. Since y 
cannot be negative the equation is equivalent to 

yl = (X - 1)* + (j, - 1)>, 

and consequently to ' 

x'-2x-2!/-f 2 = 0. 

EierdMi 

1. What loci are represented by the equations, (a) x -> 3, (b) y ■ — 2, 
{c)i/ = 2x, (d)x' + y» = l? 

2. The point P [x, y) ia equidistant from (1, 2) and {3, -4). Wliat 
is the locua of P? Find its equation. 

3. The point P (x, y) ia twice aa far from the x-axis as from the y-axis. 
What is the locua of PI (Two parte.) Find its equation. 

4. The slope of the line joining P (i, y) to (-2, 3) ia equal to 3. 
What is the locus of P? Find its equation. 

6. Given A (-3, 1), B (2, 0), P (x, y). If the slopes of AB and BP 
are equal what is the locus of P? Find its equation. 

6. The point P (x, y) is equidistant from the y-axis and the point 
(—3, 4). Construct the locus of P. Find its equation. 

7. Given A (2, 3), B (-1, 1), C (2, -3), P (x, y). U P moves aloi^j 
the line through A perpendicular to BC, show that 

P(?-P& = AC- AB*. 
Find the equation of the line described by P. 

8. Find the equation of a circle with center ( — 1, 2) and radius S. 

9. Find the equation of the circle whose diameter is the segment 
joining (2, -3) and (-1, 4). 
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10. Given P, (1, 3), P, (4, ~ 1), find the equatioa of the lociw de- 
scribed by P (x, y) if the sum of its distances from Pi and Pi is 5. Free 
the equation of radicals and show that the result is 

(4 1 + 3 V - 13)' - 0. 

Make a graph of this equatioa. Do all pconts trf this graph belong to 
the locus? 

11. Given-i (2, ~2),.B(6,0), C{7, 3), P{i, y). If the angle from 
AB to AC is equal to the angle from PB to PC, ehow that the locus ot 
P is the circle through A, B, C. Calculate the tangents of the two 
angles, equate them and so get the equation of the circle. 

Art 21. Point on a Locus 

If a pcaat lies on a locus its coordinates satisfy the equation of 
the locus. Hence to ascertain whether a point lies on a given locus, 
substitute its coordinates in the equation of the locus and find out 
whether the equation is satisfied. 

Example I. Show that the curve x* + U* = 2 x paases tbroi^ 
the ori^. 

Substitutii^ the values x - 0, y - the equation becomes - 
0. Since the equation is satisfied the curve passes through the 
origin. In the same way it could be shown that any locus, rep- 
resented by a polynomial equation with no constant term, passes 
through the origin. 

Ex. 2. If the curve a^ + {/' = 2 ox passes through the point 
(2, —1) find the value of the constant a. 

The coordinates 2,-1 must satisfy the equation. Hence 
2' + (-l)'-2a(2). 
Consequently, o = |, 

Ex. 3. If the locus of y = inx + b passes through (—1, 1) and 
(3, 2), find the values of m and b. 

The conditions required are 

l = -m + b, 2 = 3m + 6. 

The solution of these equations iam = i,b = i. 

Intersection of Carves. — An intersection of two curves must have 
coordinates satisfying both equations. Henoe to find the points <rf 

z.<ib,Google 



50 RECTANQfLAR Co5rdinatb3 Oup. 3 

intersection, solve the equations simultaneously. All solutions 
should be checked by substitution. 



Exampkl. Plot the ci 




Fig. 21a. 



8 represented by the equations j^ = 2x 
and 1? = 2y and find their points at 
intersection. 

The curves are shown in Fig. 21a. 
From the figure it is seen that there 
are two real points of intersection. 
Squaring the first equation and aubati- 
tuting the value of x* from the second, 

y*^ix'''8y. 
Consequently, y (p* - 8) = 0. The 
two reril solutiona tut y = 0,2. The 

eoirespondii^ values of i are a: = J ^ = 0, 2. The points of 

intersection are then (0, 0) and (2, 2). Substitution shows that 

the co6rdinates of these 

points satisfy both equa- 



Ex. 2. Plot the curves 
iy«=2, 3? + T^ = ix, and 
find their points of Inteisec- 
tion. 

The curves are shown in 
Fig. 216. It is seen that 
there are two points of in- 
teraection. Elimination of 
j/pves 
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Fig. 216. 



The equation can only be solved approximately. The figure indi- 
cates that the solutions are near i = 1.2 and x = i. By substitu- 
tion the following values are foimdi 

a;=l.l 1.2 3.9 4 

j'-4a;» + 4 = 0.14 -0.84 -1.9 4 
There is a root between 1.1 and 1.2 and another between 3.9 and 4. 
When z — 1.15 the expression k* — 4 a^ + 4 is found to b 
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Hence, to one decimal, the value 1.1 is a root. Similarly 3.9 is 
found to be the other root. The corresponding values of y are 
2/a; =• 1.8 and 0.6. The points of inter- 
section are then approximately 
(1.1, 1.8), (3.9, 0.6). 

Ex. 3, Plot the loci of the three equa- 
tions : 
x + y = \, 2j: + 3j = 5, a? + i/» = 13, 
and show that they pass throt^h a point. 

The grapha are shown in Fig. 21c. The 
solution of the first two equations is p,(,_ 21c. 

X = —2, y =: 3. These values satisfy the 

third equation. Consequently all the loci pass through the 
point (-2,3). 

Art 23. Tangent Cuivei 
H at a point of intersection two curves have the same direction, 
they are called tangent. Let the curves AB and CD be tai^ent 
^ at P (Fig. 22a). CD can be considered 
as the limiting position of a curve G'ly 
cutting AB in two points Pi and Pi 
close together. The equations of AB 
and CD' have two simultaneous solu- 
tions that are nearly the same. As CD' 
Fio. 22a. approaches CD these solutions approach 

equality. One might then expect that 
if the equations of AB and CD are solved simultaneously two of 
the solutions will be equal and that, conversely, equal roots occur- 
ring in the simultaneous solution of two equations indicate tan- 
gency. This should however be checked by the graphs as there 
are other circumstances that result in cotncideut solutions. 

Example 1. Show that the line a; + j/ = 2 and the circle 1*+^* = 2 
are tangent and find the point of tangency. 
Eliminating y, 

3? + i2~xy-2 = 0. 
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This equation is equivalent to 2 (a; — 1)' = and bo has two equal 

roots 1 = 1. The corresponding value oi y is 2 — x ^ 1. The 

line and circle intersect in only one 

point (1, 1). They must therefore 

be tangent at (1, 1). 

Ex. 2. Plot the graphs ot y' *= 

X* — X* and y = 3x and find their 

intersectionB. 

The graphs are shown in Fig. 22b. 

Pjq 226 '^'** ^^ ^ ^ curve like a horizontal 

%ure 8. The second is a straight 

line throi^ the origin. Eliminating y, 

This equation has two roots x = 0, Two parts of the curve pass 
throi^ the origin and both cut the line at that point. The curve 
and Ime are not however tangent. 



1. A, B, C, D, E being any fixed numbers, show that the curve 
whose equation is 

A3? + Bxy -\- C^ -^ Dx + Ey - 

passes through the origin. 

2. If Zt, Vii "t are constant show that the locus of the equation 

V~Vi=m(,x-Xi) 
passes through the point (xi, ^i). 

3. The curve I'/o' + W^ = 1 passes through the points (0, 1) and 
(2, 0). Find the values of a and h and plot the curve. 

4. The curve ^ — ai -{- 6 paasea through the points (0, —1) and 
(1, 2). Find the values of a and b and plot the curve. 

Plot the following pairs of loci and find their points of intersection: 
6. 3 a; + 2 y - 1, 8. a" = i + 1, 

2x- y-Q. xy = 2. 

6. *> + !/• - 10, 9. xi/* = 1, 
2y-3x = 3. 2x~y = 3. 

7. a^ -!/> = 3, 10. a» -2y" = 7, . 
X? + xy + ^Z* -^ 7. 2y + 3a!-7. 
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11. 2^+ j« - 6, 13. V -Sa*, 

I-J/-1. y-3i»-6. 

12. a?y + 3 B - 4, , 14. i« + 4 (/ - 0, 

* +2K-a *' + i;' + 6« + 7- 

16. Show thiit the following ourves have a commoii point: 



a^ + ll'-lOt K'-* + 4, y- 



e + 6 
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CHAPTER 3 
STRAIGHT LIKE AND CIRCLB 

Art. 28. BquatioiL of a Straight Line 

Let Pi (xi, yi) be a fixed point and P {x, y) a variable point on the 

line MJV. If the line is not perpendicular to the x-axis (Fig. 23a), 

let ita elope be m. Since the line passes through Pi and P, by the 

definition of slope, 



X — Xi 

This ia an equation satisfied by the coordinates, x and y, of any 
point P on the line. Conversely, if the coordinates c^ any point 




y 

o x 



Fia. 23q. 



Fig. 23b. 



P (x, y) satisfy this equation, the slope of PiP is m and consequently 
P lies on MN. It is therefore the equation (rf 3f JV. It can be 
written 

y - Vi = m (i - a!i). (23o) 

This is amseqiienily the egvatwn of a line through (xi, yO wi&i slope m. 
Let the line MN cross the y-axis at (0, b). Replacing Xi, yi in 
equation (23a) by 0, 6, the equation becomes 

y = mx + b. {23b) 

The quantity b is called the intercept of the line on the y-axis. It ia 
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numerically equal to the distaace along the y-ojja to the line, is 
positive when the line is above the olefin and negative when it ia 
below. Equation (236) represents the line with slope m and inter- 
cept b on the y-tuda. 

If the hne ia perpendicular to the x-axis (Fig. 236) its slope ia 
infinite and equations (23a) and (236) cannot be used. In this case 
the figure shows that 

X = xi. (23c) 

Conversely, if the abscissa of a pomt ia x,, it lies on the line. There- 
fore (23c) is the equation of a line through (xi, yi) perpendicular to 
the:E-axis. 

Example 1. Fmd the equation of aline throi^ (—1, 2), the angle 
from the x-aids to the line being 30°. 

The slope of the line is 

m = tan (30") - } -v^. 
The equation of the line ia then 

y-2 = ^^ix+l). 

Ex. 2. Find the equation of the line through the points (2, 0) 
and (1, -3). 
The slope of the line is 



1-; 



--+3. 



Since the line passes through (2, 0) and has a slope equal to 3, its 
equation is y — => 3 (i — 2), whence 
y = 3x~6. 

Ex. 3. Find the equation of the line throi^ (1, —1) perpen- 
dicular to the line through (2, 3) and (3, -2). 

The slope of the line through (2, 3) and (3, -2) is -5. The 
slope of a perpendicular line is — 1/(— 5) = i. The equation of 
the line with this slope passing through (1, —1) is 

y + l = iix-l), 
i^ch is the equation required. 

L:,.i,-z__iv,CoOglc 



56 SntAiaHT Line and Circlii Chap. 8 

Ex. 4. Show that the equation 2x — Sy -^ 5 represents a 
Btrai^t line. Find its slope. 
Solvii^ for u, 

Comparing this with the equation y = mx + b,itis seen that the 
two BJK equivalent ifm = i,b= —^. Therefore the given equa- 
tion represente a straight line with slope J and intercept —5 on 
the iz-axiB. 

£ierdMf 

1. The angle from the i-axis to a line is 60°. The line passes through 
(—1, —3). Find its equation. 

2. Fmd the equation of the line through (2, —1) and (3, 2). 

3. find the equation of the hnc through (2, 3) and (2, -4). 

4. Find the equation of the line through (1, 2) parallel to the ^-axis, 
6. Find the equation of the perpendicular bisector of the segmmt 

jouung {-3, 5) and (-4, 1). 

6. An equilateral triangle has its base in the x-ajda and its vertex at 
(3, 6). Find the equations of its ^des. 

7. A line is perpendicular to the segment between (—4, —2) and 
(2, —6) at the point one-third of the way from the first to the second 
point. Find its equation. 

8. Find the equation of the line through (3, S) parallel to that 
through (2, 5) and (-5, -2). 

9. One diagonal of a parallelogTam joins the points {4, —2) and 
(—4, —4). One oid of the other diagonal is (1, 3). Find its equation 
and length. 

10. A diagonal of a square joins the points (1, 2), (2, 5). Find the 
equations (A the sides of the square. 

11. The base of an isosceles triangle is the segment joining (—2, 3) 
and (3, —1). Its vertex is on the i/-axis. Find the equations of its 

12. Show that the equation 2z — y = 3 represents a straight line. 
Find its slope and construct the line. 

13. Show that the equations 

2z + 3y = 5, 3x-2y=-7 

represent two perpendicular straight lines. 

14. Ferpendioulars are dropped from the point (5, 0) upon the sides 
of the triangle whose vertices are the points (4, 3), ( — 4, 3), (0, —6). 
Show that the feet of the perpendiculars lie on a line. 
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Alt 34. First Degree Equation 

Any straight line is repreaenied by an epiation <^ ihe fird degree 
in redangvlaT coordinalee. In fact, if the line is not perpendicular 
to the X-axis, its equation has been shown to be 

ff - ffi - m (z - xi), 
xi, y\ and m being constanta. If it is perpendicular to the :r-axia 
its equation is 

X = Xi. 

Since both of these equations are of the fiist d^ree in x and y, it 
follows that any straight line has an equation of the first degree in 
rectangular coordinates. 

Conversely, any egUiOtian of the first degree in rectangular coSrdi- 
nales represents a siraight line. For any equation of the first de- 
gree in X and y has the form 

Ax + By + C = 0, (24) 

A, B, C being constant. If B is not zero, this equation is equivalent 
to 

A C 
y=--x-^, 

which represents a line with slope —A/B and intercept —C/B on 
the i^-axie. If B is zero, the equation is equivalent to 



which re|n%sente a line perpendicular to the z-aids passing through 
the pcunt (—C/A, 0). Hence in any case an equation of the first 
degree represents a straight line. 

Gnfh at Tint Degree Equation. — Since a first degree equation 
represents a straight line, its graph can be constructed by finding 
two points and drawing the straight line through them. The best 
points for this purpose are usually the Intersections of the line and 
coordinate axes. The intersection A (Fig. 24a) with the x-axis is 
found by letting y = and solving the equation of the line for the 
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oanreaponding value of x. Similarly, the intersection B with the 
lf^«xis is found by letting x = and salving for y. The a 
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Fig. 246. 



A and the ordinate of B are called the intercepts of the line on the 
coordinate axes. 

If the line passes through the origin (Fig. 246) the pointe A and B 
coincide at the origin and it is necessary to find another point on the 
line. This is done by assigning any value to one of the codrdinates 
and calculating the resulting value of the other coordinate. 

Example 1. Plot the line 2x + Zy = G and find ite intercepts oa 
the axes. 

Substituting y = gives i = 3 and substitutii^ x ^^ pvea 
y '=2. Hence the line passes through the points A (3, 0) and 
B (0, 2). Its intercept on the x-axis ia 3 and on the y-axis 2, 

Ex. 2. Construct the line whose equation is 2x — 3y = 0. 

When X is zero y is zero. The line then passes through the 
origin. When y = 1, x = i. Hence the line OPi {Fig, 246) 
throu^ the or^pn and the point (t, 1) ia the one required. 

Slope of a Line. — If the lice is perpendicular to the x-ajda, ite slope 
is infinite. If it is not perpendicular to the r-asis, its equation ia 

(/ = mx + 6. 
The slope is the coeffident of x in this equation. Consequently, if 
the equation of a line is solved for y, ita slope is the coefficient of x. 

ExamfiU 1. Find the slope of the line 3 x — 5 y = 7. 

Solving iocy 

The slope of the line is therefore J. 

Ex. 2. Find the angle from the line i + 1; = 3 to the line 
I/-2« + 6. 
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The slope of the first line is —1, that of the second 2. The angle 
/3 between the lines is determined by the equation 

The negative sign signifies that the angle is negative or obtuse. 

Ex. 3. Find the equation of the line through (3, 1) perpendicular 
to the line 2 1 + 4 y = 5. 

The given equation can be written y ■ — } x + |. Its slope is 
consequently — ^. The slope of a perpendicular line is 2. The 
equation of the line throi^ (3, 1} with slope 2 is 

which is the equation required, 

Eierdaei • 

Plot the straight lines represented by the following equations, find 
their slopes and intercepts: 

1. 2!/-3=0. 5. 3i-6if-(-7=0. 

2. 5» + 7-0. 6. 2s+5y + 8-0. 

3. I + y = 2. 7. 4 a; + 3 K - 0. 

4. 2« + 3{/-5=-0. 8. Zx- 4.^ = 0. 
9. Show that the equation 

{2x + Zy-\)(.x-7y + 2)''ti 
represents a pair of lines. 

10. Show that (x -f- 4 y)' = 9 represents two parallel lines. 

11. Show that x* = (y — 1}' represents two hnes perpendicular to 
each othef . 

12. Show that the Unes 3i + 4ff-7 = 0, 9a! + 12j/-8-0 
are parallel. 

13. Show that the lines j! + 23/ + 5-0, 4a!-23/-7 = Oare 
perpendicular to each other. 

14. Find the interior angles of the triangle formed by the lines 

X =Q, x.~-y + 2 = Q, 2i + 3if-21=0. 

15. Find the equation of the line whose intercepts on the x'and y 
ases are 2 and —3 respectively. 

19. Find the equation of the line whose slope is 5 and intercept on 
the 2/-ari9 —4. 

17. Find the equation of the line through (3, —1) parallel to the line 



b, Google 



SrrBLMBBT LlNX A 



) ClHCLB 



Chap. 8 



18. Find the equation of the line through (2, —1) perpendicular to 
the line 9x-8y + 6-0. 

19. Find the projection of the point (2, —3) on the line x — 4j/ •• S. 

20. Find the equation of the line perpendicular to 3x ~ 5y — 9 
and bisecting the segment joining (~1, 2) and (4, S). 

21. Find the lengths of the sides of the triangle formed by the lines 
4a; + 3K-l=0, 3x-y-4 = 0, x + 4y-Vi = 0. 

22. A line passes through (2, 2). Find its equation if the angle from 
itto3z-2v-0is 45°. 

23. Find the equation of the line through (4, J) and the intersection 
of thelineeS* -iy ~2~0, 12x~ 15y -S-0. 

24. Find the equation of the.line throi^ the intersection of the lines 
2x — y + S =0, i + y + I— 0, and the intersection of the lines 
x-y + 7 = 0. 2x + y -6-0. 

25. Find the locua of a point if the tangoite from it to two fixed 
cirdea are of equal length. 

26. What angle is made with the axia of jr by a straight line whcee 
equation ialy + ix - 1? 



Art 36. The Expression Ax + By + C 

At each point P of the plane a first degree expresdou Ax + By-\-C 
has a definite value obtained by puttii^; for x and y the coSrdinates 
of P. Thus at the point (1, 2) the expression has the value 
A + 2 B + C. Points where the expression is zero conatitute a 
line whose equation h Ax + By -¥ C = fi. If the point P moves 
slowly the value of the expression changes continuously. A number 
changing continuously can only change sign by passing tnrough zero. 
If the point P does not cross 
the line the expression cannot 
become zero and so cannot 
change sign. Therefore <A ail 
points on one aide of the 2in« 
Ax + By + C = Othe expret- 
sion Ax + By + C has the same 
sign. 

Example 1. Determine the 
region in which x + y — 1>Q. 
representfl the line LK (1% 25a). 
_ h.C.LKV^Ic 
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At all pdnts on one side of LK the expression then has the same 
aga- At (1, 1) 

ar + V- 1 = 1'+ 1-1-1 

which is positive. It is seen from the figure that (1, 1) is above LK. 
Hence, at aU points above LK, x + y — lis positive. At the origin 

a: + y-l=0 + 0-l- -1 
which is n^iative. The origin is below the line, fience at all 
points below LK the expression x + y — 1 is negative. The region in 
which x + y — 1 >0 is therefore 
the part of the plane above the line. 

Ex.2, determine the region in 
which x + y>Q,x + 2y-2<0 
and X — y — 1 < 0. 

In Fig. 256 the Imes x + y = Q, 
x + 2y-2 = Q, x-y -1 = 
are marked (1), (2), (3) respectively. 
Proceeding aa in the last exam- 
ple, it is found that x + y >Q ^'°- 256- 
above (1), aj + 2jf-2<0 below (2) and a: - y - 1 < on the 
left of (3). Hence the three inequahties hold in the shaded triai^e 
vbich is the part common to the three regions. 




Art 26. Distance from a Point to a Une 
We wish to find the distance from the point Pi (xi, ^i) to the line 
LK whose equation is Ax + By 
+ C = 0. In F^. 26a let MP, 
be perpendicular to the x-axis 
and DPi to the line LK. Let ^ 
be the angle from OX to LK. 
Then 
(a) DPi " QPi cos * 

=. (AfPi - MQ) cos *. 
From the figure it is seen that 
(6) MP, ■■ 
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Since Q Is on the line LK, its coordinates, Xi and MQ, must satisfy 
the equation of LK. Therefore 

Axi + B-MQ + C = 0, 
and consequently 

The dope of LK is tan ^ = —A/B, whence 

(d) C06* = 7 -' - ■ • 

Substituting the values from (6), (fi), (d) in (a), 
Ax, + By, + C 



Z)P, = - 



iVA' + B» 



(26) 



Equitiion (26) ffiuea ffte distance from the point {zi, yi) to the line 

whose equation i»Ax + By+C = (i. The distance being positive, 

such a s^ must be used in the denonunator that the result is 

positive. 

Example 1. Find the distance from the point (1, 2) to the line 

2a:-3v-6. 

The distance from any point 
(^1, yO to the line is by (26) 




±Vl3 
The distance from (1, 2) is then 
2 (1) - 3 (2) - 6 



Fig. 266. 



±Vl3 



' Vl3 



Ex. 2. The lines (1) y - x - I - 0, (2) 1 + ^-2 = 0, (3) 
x + 2y + 2 '•0 determine a triangle ABC. Find the bisector of 
the angle A between the lines (1) and (2) (Fig. 266). 

The bisector is a locus of points equidistant &om the lioea (1) 
_ I; C.oogle 
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and (2). If (x, y) is ai^ point of the bisector, x and y must then 
satisfy the equation 

y-j-l ^ j+y-2 
±V2 " ±V2 
The signs must be so chosen that these expressions are positive at 
points inside the triauf^. At the ori^ these expressions become 
— 1/(±V2), -2/(±V2). Hence the negative sign must be used 
in both denominators. The bisector required is therefore 

y—x—\ x+y — 2 
-V2 ~ -V^ 
When simplified this becomes x = \. 



Determine the region occupied by points satisfying the inequalities 
in each of the following cases: 

1. 2j! + 3y -6>0. 5. y-2x>l, 

2. » <3y. V - 2x <3, 
Z. x-y -\>Q, 2y+x>\, 

y-2x>Q. 2y + x<Z. 

4. 2x-y-1>Q, 6. (x + 2i/ -^ 3) C2ar - v + 3)> 0. 

3 x + 4 y - 12 < 0, 7. (x + 4 y)' > 9. 

2 If - 1 > 0. 

8. Inside the trian^e determined by the lines x + y = (i,2x ~~ Zy 
— 1— 0, y — 2 = 0, what algebraic signs have the expresaiona i + V, 
2x-3j/-l, y-2? 

9. Express by inequalities the inside of the triangle determined by 
the pointe (1, I), (3, 4), (2, -2). 

10. Find the distance from the point (3, S) to the line y — 4 x — 8. 

11. Find the distance from (6, —2} to Uie line through (—1, 3) and 
(5, -1). 

12. Findthedifltancebetweenthetwoparallellines, 4a:+3i/— 10-0 
and 4x + 3i/-8=0. 

13. Find the equation of the bisector of the acute angle between the 
lines 2x-y = I, x + 3!/=.2. 

14. A triangle is formed by the lines 3x — 4y = 5, 4x + 3!/ — 6, 
6 X + 12 V — 13. Find the center of the inscribed circle. 

15. Find the locus of a ppint whose distance from (2, 3) is equal to 
itfl distance from the line i + 2 y = 3. 
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16. The flim of the dist&ncee from the point P (x, y) to the lines 
V — x,x + v — 4,^ + 2^0, is4. Find an equation satisfied by the 
coordinates of P. Do all points wboee coordinates satisfy this equation 
have the required property? 

Art. 37. Equation at « Circle 
A circle is the locus of a point at constant distance &om a fixed 
point. The fixed point is the center of 
the (nrcle and the constant distance is its 



Let C (k, k), Fig. 27, be the center of 
the circle and r ita radius. If P {x, y) is 
any point on the circle 

r = CP~ V{x-hy+iy-ky, 
or ix~hy+(y- ky = r'. (27a) 

This is an equation satisfied by the coordinates of any point on the 
circle. Conversely, if the coordinates x, y satisfy tbis equation, 
the point J* is at the distance r from the center and consequently 
lies on the circle. Therefore it is the equatbn of the circle. 

Example 1. Find the equation of the circle with center (—2, 1) 
and radius 3. In this case, h = —2, % =e 1, r ^ 3. 

By (27a) the equation of the circle is then 

(a: + 2)' +(»-!)' = 9. 

Ex. 2. Find the equation of the circle with center (1, 1) which 
passes through the point (3, —4). 

The radius is the distance from the center to the point (3, —4). 
Consequently 

r = V(3-l)»+(-4-l)» = V29. 
The equation of the circle is therefore 

(i-l)*+(!/-l)» = 29. 
Form of the Gquatioa. — Expanding (27a), 

a? + i/'-2ftx-2ftK + ^ + ;p-r' = 0. 
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ThiB is an equation of the form 

A{x* + y')+Bx + Cy + D~0, (276) 

in which A, B, C, D tiie constant. 

Conversely, if A is not zero, an equation of the form (276) repre- 
sents a circle, if it represents any curve at all. To show this divide 
by A and complete the squares of the terms containing x and those 
containing y separately. The result is 

('^ + 2a) + V + 2a) 4li 

If the right side of this equation is positive, it represents a circle 
with center (-B/2 A, -C/2 A) and radius VB' + C - 4 AD/2 A. 
If the right wde is zero, the radius is zero and the circle shrinks to a 
point. If the right side is negative, since the sum of squares of real 
numbers is positive, there is no real locus. 
ExampU 1. Find the center and radius of the circle 

2a? + 2y'-3x + 4y=l. 
Dividing' by 2 uid completing the squares, 

ix-iy + (3i + 1)' = H- 

The center of the ch^de is (J, -1) and its radius is 1 V^. 
Ex. 2. Determine the locua of 

i' + I/' + 4i-6j/+13-a 
Completing the squares, 

(i: + 2)*+(3/-3)' = 0. 
The sum of two squares can only be zero when both are zero. The 
only real point on this locus is then (—2, 3). The circle shrinks 
to a point. 
Ex. 3. Discuss the locus of 

:c' + J/' + 2y + 3 = 0. 
Completing the squares, 

x^-^{jj + iy= -2. 
There are uo real values for which this is true. The locus is 
imaginary. 
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Art as. Circle Detenniued b; Three Conditions 
When a circle is given, h, k, r, in equation {27o), have definite 
values. Conversely, if values are assigned to h, k and r, a circle is 
determined. This is expressed by saying fiiat the circle is deter- 
mined by three independent constants. Any limitation on the 
circle, such as requiring it to pass through a point or be tangent to a 
line, can be expressed by an equation or equations connecting k, 
k and t. Now three numbers are determined by three independent 
equations. This is expressed by saying a circle can be found satis- 
fying three independent conditions. Thus a circle can be passed 
through three points, can touch three lines, etc. Many problems 
consist in finding a circle doing three things. To find the equation 
of such a circle, express the three conditions by equations connect- 
ing h, k and r, solve and substitute the values in equation (27a). 

Example I. A circle is tai^ent to the x-axis, passes through (1, 1) 
and has its center on the line y = x — 1. Find its equation. 
The circle is shown in Fig. 28a. Since the circle is tangent to 
the i-axis, k = ±r. Since it passes 
through (1, I), the circle lies above the 
X-axis and k is positive. Hence 
(a) fc - r. 

Since the center is on the line y = x — 1, 
its coordinates must satisfy that equation. 
Consequently 
^^■SSa. (6) k = h-l. 

Since the circle passes throi^h (1, 1), 

(0 (l-ft)'-l-(l-ft)' = T*. 

The solution of (a), (6) and (c) is A = 2, ft = 1, r = 1. The equa- 
tion required is then 

(x-2y+(y- D' = 1. 

Ex. 2. Find the equation of the circle through (2, 3), (4, 1) and 
tangent to the line 4 a; - 3 j/ = 15 (Fig. 286). 

Since the circle is tangent to the line its center is at a distance r 
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from the line. The distance from the center (ft, fc) to 4 a: - 
15 ia by e 



4A-3A-15 

±5 




m 



(a) ■ 



Since the circle passes throu^ (2, 3} its 
center is on the same side of the line as 
(2, 3), To make (a) positive at the center 
and therefore at (2, 3), the negative sign 
must be used in the denominator of (a). 
The condition of tangency ia then 

4A-3fe-15 ^ Fia. 286. 

-5 *"■ 

Since the circle pasaee through (2, 3) and (4, 1), 

(c) {2 - ft)' + (3 - A)' = t', 

(d) (.i-h)' + a-ky = 7*. 

Solving equations (&), (c) and (d) simultaneously, we get 

A = 2, A = l, r = 2 and ft=- Vi?. * = W. r - |f . 
These are consequently two circles satisfying the given conditions. 
Theii equations are 

(x-2)>+ (!/-!)' = 4, 

(a^--W)' + (»-W)'=(i8)*- 

Ex. 3. Find the circle through the three points (0, 1), (—1, —1) 
and (2, 0). 

The oodtdinates of the three points must satisfy the equation of 
the circle. Hence 

(0 - A)' + (1 - ky = }», 

(_l_A)»+(-l-A)' = T*, 

(2-ky+(fl-k)* = i*. 

Subtracting the first and third of these equations from the second 



2A + 4;c + l=0, 
6A + 2fc-2 = ai 
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The Bcdution of these equations is A = i, i = — i. These values 
substituted in either of the origiiial equations give t* = ^. The 
eirde required is therefore 

ix - D' + (y + i)' = V- 

Ezerdtea 
Find the center and radiua of each of the following oircIeB. Draw 
the curves. 

1. a? + »» - 25. 5. 7f + y'=x + y. 

2. 3l'+jf = ix. 6. 3?--2ax + j^ -2ay = 0. 

3. 2i' + 2i/>-6if + l-0. 7. ^• + a«-2i + 4y + 2-0. 
i. Z3!' + 3y' + ix~l. 8. x' + yt ~2x + l~t). 

9. What locus is repreaeated by the equation a' + ^ + 2i! + 2y 

+ 2-0? 

10. What is the locus of the equation z' + tf*-6a:+6tf + 9 = 07 
U. Find the equation of the circle through (—2, 4) and having the 

same center as the circle ;^ + ^ — 5j + 4i/ — 1 = 0.. 

12. Find the equation of the circle whose diameter is the segmoit 
joming (-1, -2) and (3, 4). 

13. Find the equations of the circles through (1, 2} and tangent to 
both co6rdinate axes. 

14. Find the equations of the circles with centers at the ori^ and 
tangent to the circle 2* + ^ — 4i + 4j/ + 7 — 0. 

15. Find the intersections of the circles 

x' + j/>~2x + 2y, 
i!» + !/'+2x-4. 

16. Find the equation of the circle through the three points (0, 3), 
(3, 0) and (0, 0). 

17. Find the circles of radius 5 passing through the points (2, — 1) 
and (3, -2). 

18. Theoenter of a circle passing through (1, —2) and (—2, 2) is on 
the line 8x — 4^ + 9 — 0. What ia its equation? 

19. A circle passes through the pdnts (0, 0), (2, ~2) and is tangent 
to the line y + 4 = 0. Find its equation. 

20. A circle passes through the points (—1, 0), (0, 1} and is tangent 
to the line x — y = 1. Find its equation. 

21. A drcle is tangent to the lines x — 3, x — 7, and its center is en 
the line y — 2x + i. What is its equation? 

22. Find the equation of the drcle circumBcribed about the trian^e 
formed by the three lines x+v-2 = 0, 9x + 5v-2-0, v + 2x 
-1-0. 
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23. Find the equation of the circle inscribed in the triiuiKle formed 
by the Hnea i + y-'l, y — a;--!, a — 2y — 1. 

24. Find the locus of points from which the tangents to the drcleB 
a? + J* — 4 and »^+^ — 2a: + 4y = 4 are of equal length. 

25. By subtracting the equation x'+V* — 2;e — 2^ — from the 
equation j' + ^ + 2a: — 6^ + 2 = the equation of a line is ob- 
tained. Show that this line is the common chord of the two circles. 

26. A point moves so that the sum of its distances from two vertices 
(d an equilateral triangle la equal to its distance from the third vertKt. 
Find an equation satisfied by il« coordinates. Do all points whose OD- 
oidinatea satisfy this equation have the required property? 
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CHAPTER 4 

SECOND DEGREE EQUATIONS 

Art 29. The Ellipaa 

// a drde is deformed in suck a way that the diMances (^ Us pottUs 

from a fixed diameter are aU changed in the same ralio, the residting 

curve is coiled an ellipse. 

For example, in Fig. 29a, if each 
point P| of the circle is moved to a 
point P such that 

MP/MPi = k = constant, 
the locus of P ia an elUpse. 

Let the center of the circle be 
the origin and the fixed diameter 
the .E-axis. Let Xj, yi be the co- 
ordinates of Pi and X, y the coordi- 
nates of P. Then 
Xi = x, Vi = MPi = MP Ik = y/k. 




Fig. 29a. 



If a is the radius of the circle, its equation is 

xf -\- i/i* = a'. 
Replacing X| and j/i by their expresBiona in terma of x and y, 
^ + ^ = a' 

is foimd to be the equation of the ellipse. Dividing by a' and re- 
placing ka by b, the equation of the ellipse becomes 

When y is zero, x is d: a, and, when x is zero, |r is ± 6. Hence a and 
b are the distances, OA and OB, intercepted on the axes. 
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Since the equation of an ellipse contains only the squares of x 
and y, to each value of x correspond two values of y differing only 
in sign, A line perpendicular to 
the z-axis then cute the curve in 
two points P, P' (Fig. 296) equi- 
distant from the axis. Similarly, 
a line perpendicular to the y-axis 
cuts the curve in two points P, P" 
equidistant from the y-axis. This 
is expressed by sayiiy? that the *'"■ ■""■ 

curve is symmetrical with respect to both of the codrdinate axes. 
They are called the axes of the curve. 

Any line through cuts the curve in two pointe P {x, y), 
P'" i—x, —y) equidistant from 0. For this reason the curve is 
called symmetrical with respect to the origin and the point is 
called the cenier of the curve. 

The ellipse cuts the axes in four points A', A, B', B. The seg- 
ments A' A and B'B are sometimes called the axes of the curve. The 
longer of these is called the major axis, the shorter the minor axis. 
The distances OA and OB, equal to a and 6, are called the semi-axes 
of the curve. The ends of the major axis are called vertices. 



Alt 30. The Ellipse hi Other PositiooB 

Equatbn (29) represents an ellipse whose axes are the coordinate 

axes. The equation can be stated in a form valid in any position. 

In fact, since a; = NP,y = MP,a=-OA, 

= OB, equation ( 29) is equivalent 




OA* ^ OB* ' 



(30o) 



FiQ. 30a. 



that is, the ratios, obtained by dividing 
the squares o/ the distances of any poiid 

anthcdlipse from the axes by the squares of the parailel semi-aces, have 

aawnejualto 1. 
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Fw example, if the center of the ellipse is the point (A, k) and the 
axes of the curve are parallel to the codrdinate axes (Fig. 30b), 
NP = x-k, MP = y~k 




and the equation of the curve is 



(306) 



a and b being the semi-axea parallel to 
Fig. 306. qx and 0¥ respectively. 

Ezompfo 1. Find the equation of the ellipse with vertices 
A' (-3, 2), A (5, 2) and eemi-axes equal 
to 4 and 1. 

The segment A'A ia the major axis 
(Fig. 30c). Its middle point is the center 
of the curve. Consequently, the center 
is C (1, 2). Also the semi-axes are 

CA = 4, CB = 1. 
The equation of the ellipse is therefore 



,r-^ 


"fer 




"- — 


4-- 








JC 



Fig. 30c. 



16 



- = 1. 



Ex. 2. Show that the equation 9 a;" + 4[/* + 36 a; -24^ + 36 = 
represents an ellipse. Find He center and axes. 
The equation can be written 

9 (a? + 4 1) + 4 d/' - 6 1/) + 36 = 0. 

Comi^eting the squares in the parentheses, 

9(a; + 2)' + 4(j/-3)' = 36, 



(x + 2)' ^-3)' 



Comparing this with equation (30&) it ia seen to represent an eUipse 
with center (—2, 3). The axes are horizontal and vertical lines 
through the center. Their equations are x = —2, ]/ <- 3. The 
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The Ellipse in Other Pobitions 



Eoajor axis is vertical, the minor axis horiiiontaL Tlie vertices, at 
the endfi of the major axis, are B' (—2, 0), B (—2, 6). 

Ex. 3. Find the equation of the ellipse whose axes are the lines 
2x + y = 3, X — 2y = 0, and whose 
semi-axes along those lines are 1 and 3 



Let P (x, y) be any point ort the 
curve (F^. 30e). Then 



WP- 



2x-\-y- 



iV5 



MP = 




Flo. 30e. 
The equatitm (rf the ellipse is NP'/^ + MP*/\ = 1, whence 

(2x + y-3}' , (x-2v)' 



45 



^-1. 



EterdMB 
Make graphs of the followii^ equations. Show that the curves are 
eUipees. Find their centers and semi-axes. 

1. *> + 2v'-6. 4. 3a^ + 2!/» -6i + 8jf - 1. 

2. 4a^+y»-8i + 4v-|-7 = 0. 5. i? + Zjl' + f,x - fiy = I. 

3. x» + 2|/' =z + J/. 6. 5T'-|-2!/>-10a;-|-4!,+7=0. 

7. Find the equation of the ellipse with center (I, —3) and seiai- 
azes, parallel to OX and OY, whose lengths are 2 and 3 respectively. 

8. Find the equation of the eUipse with center (—2, 4) tangent to 
both coordinate axes. 

9. Find the equation of the eUipse whose axes are the lines 

x+y-2~a, a;-v + 2-0, 
and whose semi-axes along those lines have lengths equal to 1 and 4 
respectively. 

10. Show that an oblique plane 
>n of a right circular cylinder 

is an ellipse. 

11. Three sides of a rectangle 
are divided into an equal number 
of parts and the points of divisitoi 

_ .^^ connected by straight lines with 

■ the opposite comers as shown in 

Hg. 3Qf. Show that the intersections of lines through like numbered 
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points are on an ellipse with axes equal in length to the sides ol the 
rectangle. 

12. Show that the locus of points, the sum of whose distances from 
two fixed points is constant, is an ellipse. Let the fixed points be 
(— e, 0), i+e, 0) and let the constant distance be 2 a. 



Art 31. The Parabola 

Let LK, RS be perpendicular lines and MP, NP perpendiculara 

from any point P to them. If a is constant and NP considered 

positive when P is on one side of RS, negative when on the other, 

the locus of pointe P such that 

Mf-^a-NP {31a) 

is cslled a parabola. A parcAola is thm a locus of points the squ4iret 
t^ whose disiances from one oj two perpendiadar lines are proportiotud 
to their (Hslancea jrom the other. The complete locus of such points 
is two parabolas, one on each side of RS. 

I To each value of NP correspond two values of MP differing only 
The curve is therefore aymnictrical with respect to LK 





Fio. 31o. Fig. 316. 

which is called the axis of the parabola. The point A is called the 
vertex. The curve passes through A but, since a ■ NP is positive, 
it does not cross RS. 

If LK is the x-ans, RS the ^-axis, the equation of the curve is 
j^ — ax. If a is positive x must be positive and the curve is on the 
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right of the {/-axis as in Fig. 31a. If a ia n^^tlve, x must be n^^ 
tive and the curve ia on the left of the y-axia aa in Fig. 316. 
If the axis of the parabola is parallel to OX and the vertex ia 




^ 





ir 


/ 




y 






i 






" 



(A, k) (F^. 31c), NP = 
the parabola ia 



X — h, MP -=y — k, and the equation of 



(j/ -*;)>=. a (x- A). (316) 

If (ft, k) is the vertex and the axis is parallel to OY (Fig. 31d) the 
equation of the parabola is 

{x-ky = a{y-k). (31c) 

If the axis of the parabola is not parallel to either coordinate axis, 
its equation can be obtained from (31o) by expressing MP and NP 
in terms of the coordinates of P. 

Example 1. Show that y' = 3x + 2y — iiBthe equation of a 
parabola. Find its vertex and axis. 
Transposing and completing the square, the equation becomes 
(i;-l)' = 3i-3 = 3(a;-l). 
Comparing this with the equation 

(y-ky = a(x-h), 
it is seen to represent a parabola for which 

h=l, k = l, = 3. 
The vertex ia the pcant (1, 1) and the axis is the line y - 1. 
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Ex. 2. Find the equation of the parabola with vertex (1, 2) and 

axis y = X + 1, which paases through the point (3, 7), 

The tine through the vertex perpendicular to the axis is a: + 

j; — 3 ■" 0. If X, 2/ are the codrdi- 

nates of any point P (Fig. 31e), then 

MP=" 




NP' 



x + y-3 



fc^^ 



If P is a point on the parabola, 
MP* = a-NP, whence 

Pia. 31e. (y-x-l)*= ±aV2(x + y-3). 

Since the curve passes through (3, 7) 

9 = ± a V2 (7). 
This value of a substituted in the previous equation gives 

7(y-z-l)'-9ix + y-3) 
as the equation of the parabola. 

Ex. 3. An arch has the form d a parabola with vertical axis 
(Fig. 31/). If the arch 

is 10 feet high at the ^ ,0^,, 

center and 30 feet wide 
at its base, find its 
height at a distance of 
5 feet from one end. 

Take the origin at 
the middle point of the p^^ ^^r 

base of the arch. Tlie 
vertex is then (0, 10). The equation of the arch is consequently 

(j_0)' = a(y-10). 
The curve crosses the a>axis at (15, 0). Hence 
lfi*-.o(-10). 
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Substituting this value of a, ttie equation of the arch becomes 

10a!» = 225(10-!/). 
At a. point 5 feet from one end x — ±10, The corresponding value 
of y is 50/9, which is the height of the arch at tiiat point. 

EzBrcises 
Make graphs of the following equations. Show that the curves are 
parabolas. Find their axes and vertices. 

1. y* = 8* - 4. i. y = {x-l){X + 2). 

2. !/»=-2j + 1. 5. I = !/>-3jf. 

Z. y =3f -2x + Z. 6. :i:'-3a + 2j/ - 4 -0. 

7. Find the equation of the parabola with horizontal axis and ver- 
tex at the or^in, which passes through (3, 4). 

8. Find the equation of the parabola with vertical axis and vertex 
at (-2, 2), which passes through (1, -3). 

9. An arch in the form of a parabola with vertical ajda is 29 feet 
across the bottom and its highest point is 8 feet above the base. What 
is the length of the beam placed horizontally across the arch 4 feet from 
the top? 

10. A cable of a suspension bridge hangs in the form of a parabola 
with vertical axis. The roadway, which ia horizontal and 240 feet 
long, is supported by vertical wires attached to the cable, the longest 
being SO feet and the shortest 30 feet. Find the length of the support- 
ing wire attached to the roadway 40 feet from the middle. 

11. A point moves so that its distance from a fixed point 18 equal 
to its distance from a fixed line. Show 

that the locus described is a parabola. 

12. Two sides, AB and BC, of a rec- 
tangle are divided into an equal number 
of parts and the points of division nmn- 
bered as shown in Fig. Z\g. Through 
the points of AB lines are drawn parallel 

to BC, and through those of BC lines j.^ ,. 

are drawn passing through A. Show 

that] the intersections of lines through like numbered pointe are on a 

parabola. 

Art. 32. The Hyperbola 

Let KL and RS (i%. 32a) be two straight lines intersectir^ in 
C, PM and PN the perpendiculars from any point P to these hues. 
Let MP be considered positive when P is on one side of KL, negit- 
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limil&rly, let NP be poaitive when P 
is OD one side of RS, nega- 
tive when on the other side. 
A hyperbola is the locus of 
points P such that the pro* 
duct 

3fP-A^P= constant. {32a) 
If the signs of MP and 
NP are both changed the 
product is not changed. 
Hence if any point P lies 
on the curve, the point f at equal distance on the other side of 
C is on the curve. The hyperbola is thus symmetrical with respect 
to C wluch is called the center. The curve consists of two parts in 
a pair of vertical angles detennined by KL and RS. The hyperbola 
is a locus of ■points the prodrug of whose distajuxs from tuxi lines is 
cortelant. The complete locus of such points ia however two hyper- 
bolas, one in each pair of vertical angles between the lines. 

If AfP is very lai^e, NP must be very small and conversely. As 
it goes to an indefinite distance the curve thus approaches indefi- 
nitely near the lines KL 
andRS. They are called 
aaymptotes. 

Let C be the origin 
(F^. 326) and take as 
x-axia the line bisecting 
the vertical ai^es in 
which the curve lies. 
The curve crosses the 
X-axis at two points A', 
A. Construct the rec- 
tangle with sides through A' and A, having KL and RS as 
diagonals. Let CA = a,CB = b. The equations of KL and RS 
are then 

K-±(6/o)i. (326) 

_ h.C.ooj^lc 




Fig. 326. 
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Conaequently, Fig, 32o, 

bx + ay 



MP=- 



NP- 



hx- 



If p ia a point on the hyperbola, MP • NP = const., wheooe 

V>x>-a*y>= ±Qfi + a*) const. - k. 
Since the hyperbola passes thimigh A (a, o) 

Substitutii^ this value of k and dividii^ by aV, the equation of 
the l^perbola becomes 

Since the equation contains only squares of x and y the curve is 

symmetrical with respect to the coordinate axes. They are called 
the axes of the curve. The axis cutting the curve is called trans- 
veree, the one not cutting the curve is called conjugate. The dis- 



tances CA = a, CJ5 = 6 are called the 
and A, where the transveiBe axis cute the cu 
Equation (32c) represents the hyperbola 
referred to its axes, the z-axia being trans- 
verse. If the transverse axis is parallel to 
the X-axis and the center is (A, k) (Fig. 32c), 



The points A' 
are called vertices. 



tJ 




Fia. 32d. 
the coordinates relative to the axes are x — A and y — k. The 
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equation of the hyperbola is then 



= 1. 



!) and the center 



If the transverse axis ie parallel to OY {Fig. l 
is {h, k) the equation of the hyperbola is 

k^.iJ^.r. (32.) 

If the axes of the curve are not parallel to the codrdinate axes, 
its equation can be obtained by using the definition or by replacing 
X and y in equation (32c) by the distances of a point P from the 
axes of the curve. 

Alt 33. The Rectangular Hjrperbola 

If the asymptotes of a hyp&bola are perpendicular to each other 
it is called rectangidar. In this case the asymptotea are usually 




taken as coordinate a: 
the equation of the ci 



The definition, MP-NP = const., j^ves 
I in the form 



xy = k. 



C33o) 



If & is positive the curve lies in the first and third quadrants 
(Fig. 33a), if A: is n^ative it lies in the second and fourth quadrants 
(Fig. 33(>). 

The axes of the rectangular hyperbola make an^es of 45° with the 
asymptotes. The rectangle, Fig. 326, is a square and a = b. If 
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the axes of the rectangular lQT>erbola are taken as axes of codrdi- 
n&tee, its equation ia then 

I* - ff* - a', (336) 

the x-axia being transveree. 

Example 1. Show that 9a:'-4y'+18a: + 16y-43 = is 
the equation of a hyperboU. Find its center, axes and asymptotes. 
The equation can be written 

9 (a:' + 2 a:) -4 0/" -4 J/) = 43. 
Completii^ the squares, 

9 (a: + 1)'- 4(1/ -2)' = 36, 



(x + !)■ (y-2)' 



- 1. 



Comparing this with equation (32d), it is seen to represent a hyper- 
bola with center (-1, 2) and semi-ajtes, o = 2, 6 = 3. The trans- 
Terse axis is the Une j/ => 2. The conjugate axis is x = —1. The 
asymptotes are lines through the center with slopes ± b/a. Their 

equations are consequently 

Ex. 2. Show that xy = 2x — Syia the equation of a rectangular 
hyperbola. Find its center, axes 
and asymptotes. 

The equation can be written 
(x + 3)(!/-2)--6. 

The quantities a; + 3 and y — 2 
are coordinates of P {x, y) with 
respect to axes through (—3, 2) 
paraUel to OX and OY (Fig. 33c). 
The curve is therefore a rec- 
tangular hyperbola with center 
(—3,2) and asymptotes i = -3 

and y =- 2. The axes pass through (—3, 2) makii^ aisles of 45° 
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with the asymptotes. Their equations are consequently 

Ez. 3. Find the equation of the hyperbola with asymptotes 
X — y = \ and i — 2, which passes 
throi^h (3, 4). 
Let P {x, y) be a point on the curve. 
Then (Fig. 33i) 




MP = 



-1 



±V^ 



NP~x-2 



Fig. 33rf. 



The equation of the curve is MP • NP 
— constant. Consequently, 

(x — y — 1) (a; — 2) = constant. 
Since the curve passes through (3, 4), 
the constant in this equation is (3 - 4 - 1) (3 - 2) » - 2. The 
equation required is then 

{z-i;-I)(x-2) = -2. 
Ex. 4. Find the equation of the hyperbola with center at the 
origin, transverse axis y — 2 1 = 0, which passes through (0, 2) 
and has the x-axis as an asymptote. 

The conji^ate axis, being perpendicular to the transverse axis 
at the center, iBX + 2v = 0. In equation (32c) x and y can be re- 
placed by the distances of a point on the hyperbola from the axes of 
the curve. In the present case these distances are (x + 2 y)/v5 
and (y — 2x)/V&. Hence the equation of the curve is 
(x + 2y)' (y-2x)' _ , 



5 a' 



56* 



Since the curve passes through (0, 2) 16/5 o' — 4/5 6* = 1. Since 
the X-axis is an asymptote, there must be no point of intersection of 
the curve and x-axia. When y is zero the equation becomes 
x* (1/5 a' - 4/5 f) = 1. This will fail to determine a value of x 
if 1/5 a* — 4/5 6* = 0. This and the previous equation solved 
simultaneously give a' ■= 3, 6* ^ 12. The equation required is 



The Second Degree Equation 
(x + 2vy (y-2x)' _ 



BiaidaaB 
Show that the following equations represent hyperbolas. Find their 
centers, axes and asymptotes, 

1. 4i» -3!/" + 12y " 24. 4. 2i" - Sy" + 4e + 12 » - 4. 

2. 5j!> -I/" -2j/ = 4. 6. I'-i/'- 2a; - 63/ -8. 

3. xy + x-y = 3. 6. 2a^ = 3*-4. 

7. Find the equations of the two hj^ierbolas with center (2, —1) 
and semi-axes, parallel to OX and OY, whose lengths are 1 and 4 re- 



8. Find the equation of the hyperbola with center (—2, 1), and 
axes parallel to the coordinate axes, passing through (0, 2) and (1, —4). 

9. Find the equations of the hyperbolas whose axes are the lines 
3a:+2y = 0, 2.1 — 3y =0 and whose semi-axes along those lines are 
equal to 2 and 5 respectively. 

10. Show that the locus of a point, the difference of whose distances 
from two fixed points is constant, is a hyperbola. Let the fixed points 
be (— c, 0), (+c, 0) and let the difference of the distances be 2a. 

11. A point moves Bo that the product of the slopes of the lines 
joining it to (—a, 0) and (a, 0) is constant. Show that it describes as 
(^pee or a hyperbola. 

Art Si. The Second Degree Equati<»i 

An equation of the second d^ree in rectangular coordinates haa 
the form 

Ai? + Bxy + Cy* + Dx + Ey + F~0, (34o) 

A, B, C, D, E, F being constants. The equations of the circle, 
ellipse, parabola and hyperbola are all of this kind. If the poly- 
nomial formii^ the left side of the equation can be resolved into a 
product of first degree factors, the equation is said to be redvcible. 
If the polynomial cannot be so factored the equation is called irre- 
dudUe. 

Reducible Equations. — If the polynomial forming the left side of 
(34a) can be resolved into a product of first degree factors, the 
equation has the form 

(0,2 + ftitf + ci) (o^ -I- 64/ -t- o) " 0. 
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Since a product is zero when and only wlien one of its factors ia 
zero, the equation is satisfied by all values of x and y such that either 

aiX + 6iy + ci = 
or 

oic + 6* + Ci = 
and by no others. If the coefficients oj, d, etc., are all real th^ 
equations represent straight lines. The locus of the equation is 
then a pair of strait lines (a sii^e line if the factors are equal). 
If some of the coefficients are imaginary, the locus will usually be a 
single point whose coordinates make both factors vanish. 

Example 1. Detennine the locus of the equation 2 3? — xy~3 j^ 
-0. 
The equation is equivalent to 

(x + y)(2x-Sy) = 0. 
The locus is two lines, x + y = and 2 1 — 3 y = 0, pas^ng 
through the origin. 

Ex. 2. Detennine the locus 
represented by the equation 

2x + 5y-3=0. 
powers of x the 




i»+j:y-2!/»- 



Solving by the quadratic formula, 



x=-ife-2)±jV9!/>-24y + 16 
= -i(y~2)±H3z/-4). 

There are then two solutions x = y — 1 and x = — 2 y + 3. The 
ordinal equation is satisfied if either of these is satisfied. The 
locus is two straight lines. 
Ex. 3, Determine the locus of the equation 

x' + 3y'-2x + 12i/ + 13 = 0. 
When the squares are completed this becomes 
ix-iy + 3(i, + 2y = Q. 
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The sum of squares of real numbere can only be zero when all are 
aero. The only real numbers satisfyii^ this equation are then 



The polynomial has imagiDary factors, {x — I) ± (j/ — 2) V— 3, 
but the locus has one real point. 

Irreducible Equattons. — It will be shown later (Art. 59) that the 
locus c£ an irreducible equation of the second degree is an ellipse, 
parabola, hyperbola or entirely imaginary. A circle is considered 
as an ellipse with axes of equal length. 

By the second degree part of an equation of the second degree is 
meant the part 

Ax' + Bxy + Cy> (346) 

containing the terms of second degree. We shall now show how to 
determine by inspection of this second degree part whether a given 
second d^ree equation represents an ellipse, parabola or hyperbola. 
An ellipse whose axes are the lines 

Aix + Bn/ + Ci - % Atx + B^ + Ci-0 
is represented by the equation 

1 ( Aix + B,y + C y 1/ Aic + Bii, + C ,V 

oH VxT+B? / i^\ VaT+b^ / " 

The second d^ree part of this equation is 

„, {A,x + BiyY {Aix-\-Biyy 

^' a' (A,' + B,') '^¥{Af-y- Bi) ' 

Since this is a sum of squares it has imaginary factors. 
If the axis of a parabola is Aix + B^y + Ci = 0, and the line 

throi^h the vertex perpendicular to the axis is Aji + B^ + Ci = 0, 

the equation of the curve is 

/ Aiai + Biy + CA * ^ ^/ Atf + g4f + g« Y 
\ VAi' + Bi' / \ ±Va^TB? / 

The second degree part of this equation is 

^^^ A,' + B,* ' 

which is a complete square. 
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If the asymptotes of a hyperbola are 

Aix + Biy + Ci - 0, Aic + Bjy-^Ct- 
itB equation is 



W 



The second degree part of the equation is 

which is a product of real first degree factors. 

Inspection of (1), (2) and (3) shows that the equations of ellipse, 
parabola and hyperbola . are distinguished by the fact that the 
second degree part has imaginary Jadora in cage of the ellipse, is a 
complete square in case of the parabola, and has real and distinct 
factors in case of the hyperbda. 

Example 1. Show that 8a^-8iy + 2v' = 2x-3 is the 
equation of a parabola. 
Solving for y, 

2/ =. 2 a: ± J V4a:-6. 
Since ^ is an irrational function of x the 
equation is irreducible. That the curve 
is real is shown by plotting (Fig. 346). 
The second degree part of the equation is 

%x^-&xy + 2t = 2{2x-yy. 
This being a square the curve is a para- 
bola. 

Fio 346 ^^' ^- ^^^^ *'***' ^ + ^ + !/' = 3 is 

the equation of an ellipse. 
Solvii^ for y, 

I/ = H-a:±Vl2~3i'). 

The equation is irreducible and represents a real curve. The second 
degree part is 

3?-\-xy + t«ix-\-hyY-Viy'. 
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ThiB, being a sum of squares, hae imaginaiy factors and the curve 
is an ellipse (Fig. 34c). 

Ex. 3. Show that 3? + xy = 2 ia the 
equation of a hyperbola. 

The equation is irreducible and repre- 
Bents a real curve. The second d^ree 
part of the equation 

has real and distinct factors. The curve 
is therefore a hyperbola 




Fio.Ue. 



Plot and detennine the nature of the loci represented by the following 
equations; 

1. x' + 2xy -3y' -0. 12. 4z» - 4iv + y" - 4i - 5ff. 

2. 2xf + 3xy -y' = 0. 13. 5^ + Sxy + 2}/' - ix -2y 
S. 4x' + l2xy + 9y' =0. +1-0. 

4. S^-2Ty + 3y> =0. 14. {x - y + 3) {2x ~ y - l)-i. 

5. 2^--Ty-j/'-ix+y+2~0. 15. xy~2x+2y-i. 

«. :^+2xy +3^+4 x+4y +4-^0. 16. i? --2V2xy + 2j^ -^ 4x. 

7. xy = 7x. 17. 23^ + 2y-4x + &y''7. 

8. i' -2i!/ + j/> = 4ar. 18. 3x!'+2xy+2y-4x-iy='4. 

9. 3? + y ~2x--3y + i. 19. ix' + 3xy -2y + is + 7 y 

10. ±' + 2xy + 2y,-'5. -6 = 0. 

11. 3? - xy = 4y. 20. i» - 3»-2a; + 6. 



Art. 36. Locus Problema 
A locus is often defined by a property of a moving point. The 
locus is the totality of points having the property. A pair of 
coSrdinate axes being given, the equation of the locus is an equation 
satisfied by the coordinates of every point on it and by no others. 
To find this equation choose as axes whatever perpendicular lines 
seem most convenient and let (x, y) be any point of the locus. In 
terms of x, y and any constant quantities occurrit^ in the problem, 
express the property used as definition cd the locus. The result 
will be an equation of the locus. In some cases this result can bo 
reduced to a simpler form. 
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. The vertices A and B of a triangle ABC are fixed 
(Fig. 35a). Find the locus of the vertex CifA + B = j3r. 
The angle C will be 




Since this angle is constant the locus is a circle. 
To find its equation take the middle point of 
X AB as origin and the line AB as z-axis. Let 
AO = OB = a. Then A and 5 are (-a, 0) 
and (a, 0). The definltbn of the locus ia 
A-\- B = \'ir, whence 

tan A + tan B 



tan(A + B) = -1 = 



Now tan A is the slope of AC and tan B 
(A BC. Hence 



tan^l tanB 
is the negative o 



the slope 



tanA = 



tanB = - 




Substituting these values in the expression for tan (A + B), the 
equation of the circle is found to be 
x' + y^ = 2 ay + a*. 

Ex. 2. A segment has its ends in 
the coordinate axes and determines 
with them a triangle of constant area. 
Find the locus of the middle point 
of the segment. 

Let the segment be AB (Fig. 35b). 
Let OA =a,OB = b. The area of 
the triai^e OAB is 

K being constant. If x and y are the coordinates of the middle 
point P, then a = 2x, & = 2!/ and 

K = 2xy. 
This ia an equation satisfied by the coordinates of any point on the 
locus. Conversely, if the coSrdinates of any point satisfy tiiia 
_ h.C.LKV^Ic 
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equation, the eegment AB whose intercepte are OA •= 2x,0B = 2y 
Kill have P as itfi middle point and will determiiie with the coordi- 
nate axes a triangle of area K. Therefore K=J2xyia the equation 

of the locus. The curve is a rectangular hyperbola with the axea 
as asymptotes. 

Exerdaei 

1 . A point moves so that the sum of the equarea of its diatanocB from 
the four sides of a square is equal to twice the area of the square. Find 
its locus. 

2. A point moves so that its shortest distance from a fixed circle ia 
equal to its distance from a fixed diameter of the circle. I^lnd its locus. 

3. In a triangle ABC, A and B are fixed. Find the locus d C, d 
A - B = ir. 

4. A point moves so that the sum of the squares of its diatancta from 
the three aides of an equilateral triangle is equal to the square of one 
side of the triangle. Find its locus. 

6. A point moves bo that the square of its distance from the base of 
an isosceles triangle is equal to the product of its distances from the other 
two sides. What is its locus? Show that it passes throu^ the vertices 
of the two base angles. 

6. On a level plane the crack of a rifle and the thud of the bullet 
striking the target are heard at the same instant. Find the locus of the 

7. A point moves so that the ratio of its distance from a fixed point 
to its distance from a fixed straight line is a constant e. Show that the 
locus is an eUipae if e < 1, a parabola if e • 1 and a hyperbola if e > 1. 

8. AfiandCDare two a^ments bisecting each other at right angles. 
Show that the locus of a point P which moves so that PA-PB=PC- PD 
is a rectangular hyperbola. 

9. OA and OB are fixed straight hnes^ P any point, and PM, PN the 
perpendiculars from P on OA, OB. Find the locus of P if the quadri- 
lateral OMPN has a constant area. 

10. AB is a fixed diameter of a circle and AC is any chord; P and Q 
are two pomta on the line AC such that QC - CP =• CB. Find the 
locus of P and Q as AC turns ^Ktut A. 
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CHAPTER 5 

GRAPHS AND EMPIRICAL EQUATIOITS 

The equation of a curve being given, any number of pointe on 
tlie curve can be constructed by ass^ning values to either coordi- 
nate, calculating the corresponding values of the other coordinate 
and plotting the resulting points. When enough points have been 
located a smooth curve drawn through them may be taken as an 
approximatioQ to the required curve. We deaire aa quickly ea 
poaaible to obtain a satisfactory approximation. To some eict«nt 
this is accomplished by plotting points rather Bparaely where the 
curve is nearly straight and more closely where it bends rapidly. 
The following are some of the things it may be helpful to note: 

(1) Points where the curve crosses the axes and the aide of an 
axis on which it lies between two consecutive crossings (Art. 36). 

(2) Values of either coordinate for which the other codrdinate 
is real and values for which it is imaginary (Art. 37). 

(3) Symmetry (Art. 38). 

(4) Infinite values of the coordinates. Asymptotes (Art. 39). 

(5) Direction of the curve near a point (Art. 40). 

Alt S8. Intersectioas witti the Axes 
The points where a curve meets the x-axis are found by letting 
J/ = in the equation and solving for x. Similarly, points on the 
y-axia are found by letting x = and solving for y. The x~coOrdi- 
natea of the points on the a>-axia and the ^-coordinates c^ the points 
on the {/-axis are called the intercepts of the curve on the coordinate 
axes. 

Example 1. y = x{x— 1) (_x + 2). The curve crosses the x-axis 

where y = 0, that ia, where x = 0, I, —2. These points divide 

the z-axis and the curve into four parts; namely, the part on the 
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left of I = —2, that between x =• —2 and 1 = 0, that between 
X = and x = 1 and the part on the right of x = 1. Censtnict 
these parts aeparately. 

On the left oi x = —2, each factor erf 
x(x— I) {x + 2) is negative and conse- 
quently the whole prcxluct is negative. 
Hence on the left of x = —2, y is nega- 
tive and the curve lies below the x-bjob. 
Between x = — 2 and x = 0, x and x— I 
are negative and x + 2 is positive. The 
product is then positive and so the curve 
lies above tlie x-axis. Similarly between 
X — and x = 1 the curve ia_ below the 
X-axis wid on the right of x = 1 it ia Fiq. 36(i. 

above. Usii^ these facts and plotting a 
few points on each part of the curve the graph of Fig. 36a is ob- 
tained. 

Ex. 2. y — 2 = x*{x + 2)*. The curve meets the line y = 2 at 

X = 0, —2. Since x' (x + 2)' is never negative, y can never be less 

than 2. Hence the curve touches but does 

not cross the line 2/ = 2 at x = and x = ~2. 

(Fig. 366.) 

£x. 3. X = !/« -t- 2 y" -I- 3 1/' -I- 4 y -I- 2. The 
curve meets the y-axis where x >= 0, that is, where 
I/* + 2s/'-h3y'-|-4i(-|-2 = 0. Proceeding as 



u 



a. 



in Art. 4 it is found that — 1 is a root of this equation. Hence y + 1 
is a factor of the polynomial. Division gives 



2 = (!/+l)(j/' + !/' + 2y-|-2). 
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In the same way it is found that 

y" + y" + 2 y + 2 = (y + 1) (!/• + 2). 
Consequently, 

=^ = (y+ 1)' fe' + 2). 

Since y" + 2 = has no real roots, the curve meets the y-axis only 
at y = —1. The factor (y + ly is positive both above and below 
y = —1. Hence x is always positive and the curve does not cross 
the y-axifl. After plotting a few pointe the curve in Fig. 3Gc is 
obtained. 

Alt 8?. Real and Imaginary Coordinates 
When the equation of the curve is of even degree in one of the 
coordinates, that coordinate may be real for certain values of the 
other coordinate and imaginary for certain others. The plane is 
then divided into strips (Fig. 37o) contain- 
ing a part of the curve and strips not 
containing a part. These strips being de- 
termined the part of the curve in each strip 
is plotted separately. 

Ex(mph 1. ^ = x{x- l)(.x + 2). The 
curve crosses the avaxis at x = —2, x = 
and X = 1. The lines x = —2, x = and 
X = I divide the plane into four parts. On 
the left of X = —2, the product x {x — 1) 
(a; + 2) ja negative and y is imaginary. 
Between x = — 2 and x = the product is 
positive and y is real. Similarly, between x = and x = l,y is 
imaginary and, on the right of x = 1, ^ is again real. The curve 
therefore consists of two pieces, one between x = — 2 and x = and 
the other on the right of x = 1. The equation can be written 

y= ±Vx(x-l)(x + 2). 
To each value of x correspond two values of y differii^ only in s^. 
The curve therefore consists of points at equal distances above and 
below the x-axis (Fig. 37a). 
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Ex.2, a:* - 4 Tj/ + 4 y' - v - 1 = 0. Solving for x, 
X = 2y ±Vy + i. 
The value of (E ia real if y > — 1, imagiiiary if y < — 1. The curve 
therefore lies above the line j/ — — 1. It consists of pairs of points 
at equal distances ri^t and left oi 
the line I = 2 y (Fig. 376). 

Alt 38. Symmetiy 

Two points P, P' are said to 
gymmetrical wtfft respect to a litK if 
the segment PP' is bisected per- 
pendicularly by that line. In Fig. 38o, P and P' are ^inmetrioal 
with respect to the i-axis, 
P and P", Q and R with 
respect to the j/-axis. 

Two points P and P"' 

are called symmetrical with 

reaped to a point if the 

segment PP"' is bisected 

"-—■ byO. 

A curve is called sytmneiricQl UJifft respect to an axis if all chords 

perpendicular to the axis meet the curve in pairs of points s3Tnmet- 

rical with respect to the axis. The curve in Fig. 38a is symmetrical 

with respect to both coordinate axes. 

A curve is called symmetriad with respect to a center if all chords 
through the center meet the curve in pairs of points symmetrical 
with respect to the center. The curve in Fig. 38o is symmetrical 
with respect to the origin. 
A curve f (x,y) = is symmetrical with respect to the a>axis if 
/(^, I/) =/(«,-!/). 
For then any point P (xi.yO being on the curve the point P'(xi, — yi) 
is also on the curve. Hence any line x = xi perpendicular to the 
X-axis and meeting the curve in a point P will meet it in two points 
P, P' symmetrical with respect to the x-axia. In particular, a 
earve ia symm^rical with respect to the x-axis if its equation contains 
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ia Bymmet- 



otdy even powers of y. Similarly, the curve / {x, y) = 
rical with reapecfc to the ^-axis if 

and, in particular, a carve U Bymmetricat witii respect to the y-axia if 
iia eqtaUion coiUain» only even powers of x. 
The curve f(x,y) = ia syminetrical with respect to the origia 



fix,y)=±f(- 



-V)- 



Pig. 386. 



For then if P (i,, y\) is on the curve P'" (-ii, -yO ia also on the 
curve, and so any line through the origin meetii^ the curve in a 
point P will meet it in two points P, P'" symmetrical with respect 
to the origin. In particular, a curve is symmetrical urith respect to 
the origin if all the terms in its equation ore of even degree or if aU are 
of odd degree. 

Exmnple 1. y* = ■■ The 

curve crosses ,the x-axis at x = 
±1. The value of y is real only 
when X is in absolute value equal 
to or greater than 1 , There are consequently two parts of the curve, 
one on the right of x = 1, the other on the left of x = —1. Since 
the equation contains only even powers of x 
and y, the curve ia symmetrical with respect to 
both coordinate axes and with respect to the 
origin. Since x* — 1 <x' + l,yis always less 
than 1. When x ia very lai^e, however, y is 
nearly 1. 

Ex.2. y = i?-3x^ + 3x+l. This equa- 
tion can be written 

y-2 = (x- 1)». 

The expressions y — 2 and x — 1 are the co- 
ordinates of a point P.(x, y) relative to the lines y = 2, x = 1 used 
as axes. Since the equation contains only odd powers of y — 2 and 
z~ 1 the curve ia aymmetrical with respect to the point (1, 2), 
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Alt 39. Inflmte Values 

In some cases a varu^le increases in absolute value beyond any 
assignable bound. Such a variable is said to become infinite and a 
fictitious value represented by the symbol w is attached to it. 
But the iQ'mbol and the name infinity are used only to esprees 
that a variable goes beyond all bounds. 

Zero and infinity have the following relations: 



(1) - = 0, 



■ a = ao , if a is not zero. 



(2) 



= 0, 



•0 = 0- 



= 0, if a is not infinite. 



No definite vfdue can be assigned to the Q'mbols 0/0, =o /ca , 
0" '^ and * — * . 

These relations become evident when and <^ are interpreted 
as less than any assignable quantity and greater than any assign- 
able quantity respectively. 

A branch of a curve extending to an infinite distance can only 
be traced until it runs olT the diagram. In such cases the curve 
usually consists of two or more 



pieces not i 

Sometimes two pieces are related 
as at A, B, Fig. 39a, the one go- 
ing off in a certain direction, the 
other returning from that direc- 
tion. Sometimes thej 
bited aa at C, D, the one going 
oS one side of the paper, the 
oth^ retumii^ from the other 
side. Sometimes there is no 
return branch. 

If a branch of a curve when in- 
definitely prolonged approaches 

a straight line in such a way that the distance between the two 
approaches zero, the straight line is called an asympU^ ti tiie 

lOglf 
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curve. Both codrdinate axes and the line CD are asymptotes of 
the curve, Fig. 39a. If when indefinitely prolonged the distance 
between a branch of one curve and a. branch of another approaches 
wxo, the two curves are called (utymplotic. 



Example I. y = 



-1 



The graph ie shown in Fig. ; 



It crosses the x-axis at x — 1. The value (^ y is infinite when 
X K or 2. When a; is a little leas than zero, x — 1 and x — 2 are 
negative and so ^ is positive. When x is a little greater than zero 
y is again positive. In both cases y is very lai^e. The curve 
thus goes up one side of the ^-axis and comes down the other. 
When X is a little less than 2,y is negative but when x is a little 
greater than 2, y is positive. The curve then goes down the left 
side of CD and reappears at the top. As x increases indefinitely, 
y approaches zero. Consequently, at a great distance from tJie 
origin the curve comes closer and closer 
to the X-axis. The two axes and the 
line CD are asymptotes of the curve. 

Ex.2. y = x' + -. When X is very 

small, x* is very small and y is ap- 
proximately 1/x. Near the y-axis the 
curve is then asymptotic to the hy- 
perbola y = 1/x. The ^-axis is an 
ai^miptote to both curves. When x 

p.,Q 2,gb "^ ^^^ laJge, 1/x is very small and 

y is approximately equal to x'. As x 

indefinitely, the curve therefore approaches the parabola 
x* to which it ia consequently asymptotic. 




Art 40. Direction of the Curve 

To determine the shape of a curve near a particular point it is 
often useful to find the direction along which the curve or a branch 
of the curve approaches that point. In Fig. 40a, for example, are 
shown three ways that a branch of a curve can approach a hori- 
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zontal line. In (1) the curve and line are tai^nt, in (2) the curve 
and line intersect at an acute ai^e and in (3) they are perpendicular 



Fia. 40a. 
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to each other. Let P be a variable point on the curve. Ah P ■ 
approaches A the elope of the line AP will approach zero in (1), a 
finite value not zero in (2) and an infinite value in (3). By finding 
this alope and determining its limit the direction of the curve near 
A can be determined. 

yt = 3*_ The curve passea through the origin (F%. 
I negative, y is imaginary. The curve therefore 
reaches the y-axis at the origin but does not 
cross it. Since the equation contains only even 
powers of y, the curve is aymmetrical with re- 
spect to the x-axia. The slope of OP is 
tan ^ = y/x. 

~~S From the equation of the curve, y = ±xi. 
Hence 
tan * = ±x^/x 




Fia. 406. 



= ±xi. 

As P approaches the origin, 
X approaches zero and con- 
sequently tan <^ approaches . 



lero. The branches of the curve above and 
below the i-axis are thus tangent to the 
z-axla and to each other at the origin. 

Ex. 2. j/= = x^(x + 2). The ciuTC crosses 
the 3>axis at the origin and at ^ (— 2, 0) 
(Fig. 40c). There Ib no point of the curve to 
the left of 2 = -2. Let P (x, y) be any point on the 
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if - ^ ^xVx + 2 ±» 

x + 2 z + 2 v^+l' 

As P approaches A, x approaches —2 and the slope of AP increases 
icdefimtely. The curve is therefore perpendicular to the x-aw 
at A. The slope of OP is 



As P approaches the origin, x approaches and the slope of OP 
approaches ±V2. At the origin the curve therefore makes with 
the r-axis the an^^es tan"' {±v2). 



27. i/ = 

28. 3/ = 



■ 29. t - 



2g' + 3 



Make graphs of the following equations: 

1. y =x(,x + l). 25.if + xy>=- 1. 

2. x~y'iy~2). 26. x' - 4xy + S^ - 

3. i/ = (i-l)(j + 2)(r-3). 
i. y + l-x' + 2x. 

5. y'x{x + l)i2x-3). 

6. y-3-'^ix + l)i2x~3) 

7. v + 2~x^{x + l)H2x-S) 

8. y = :^(x + iy{2x-3y. 

9. y = »> - 1. 

0. :b - 2 . (V + 1)< - 1. 

1. x-y^ + y + l. 

2. X ''y' + ^ -4y*-iy. 

3. i/'^x(,x + l). 
i. ]^= (j? - 1) (a^ - 4). 
5. {!/ + l)> = (i'-l)C4-i'). 
8. :>fl=(y~l)Hy-2). 



x(x-3) 



31. y = 






= iy - D' (2 - y). 
i. (j)" + X) (t - X) = 0. 
t. y' + 2i, = «* + 2i- 1. 

!. I- + y* - 1. 

I. j/<-2ii/' + ji-j/i + 4-0. 

l.V+(2i"+l) I/'+*<-i^=0. 



34. B- 



- 1 a! + 3 



« + 3 
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38. aiV + 36 = 4 v'. 48. s" + j/» = 



39. v'- 



47. I" + i/» - 1. 



48. y» - a:* (s + 2). 

40. iV + aV - a;* + o* - 0. 49. {» + 2)' - (i - 1) (j? - 4). 

41. y' -^. fiO. (a + a)' - / (ff + 1). 

42. 3f -ii*. 61. (i + v-l)(2z-4i/-2)-4. 

43. a* + y' = o*. 52. i/» - a; (a - y) {x + y). 

44. *'+ff» = o». 53. (j; + k-2)'-{2j!-j,,-1)'. 
46. ** + V* - 1. 54. I (*• + !;•- 1) - 1. 



Alt. 41. Sine Curves 
When a, 6, c are constants, the graph of the equation 

y = a8m(6i + c) 

ia called a sine carve. As shown in Fig. 416, the graph conaiste of 
a series of waves all having the same lei^h and height. The sine 
of an angle is never greater than 1 and so y is never greater than a. 
The constant a therefore measures the height of the waves. If ;r is 
increased by 2 t/6, the ai^e fix -+- c is increased by 2 »■ and y is not 
changed. This is the smallest constant that added to x will leave 
y unchanged. Hence 2ie/b is the distance frcan any point <rf a 
wave to the corresponding point of the next wave. It is called the 
wavelength. 

The equation y = a coa (&z + c) also represents a sine curve; 
for 

ocoa(&E + c) =«osml--6x-cj = osin(6'ar + c'), 

if J' = —6, c' = \Tr — c. Thus a cosine curve is a sine curve with 
different constants. Also 

y = Aaa {mx) + B cob (mx) 

can be reduced to the form y = am. (mx + 6) and so represents a 
ane curve. 

In plottii^ sine curves angles should be expressed in circular 
measure. A circle being drawn with the vertex of an angle as center, 



100 Graphs and EupnucAL Equations Chap. B 

the circular measure of the angle ib defined as the ratio of the inter- 
cepted arc to the radius (Fig. 41a), that is, 

intercepted arc 



Circular measure of angle = 



radius of circle 



Anangleof 180°hasacircularmeasureequaltoir = 3.14159 . . . , 
and other angles have praportional meas- 
ures. For instance, the circular meaaure 
of 360° is 2)r; 90°, J ir; 60°,iir; 45°, lir; 
30°, i IT. An &n^ whose circular measure 
is 1 intercepts an arc equal to the radius. 
This angle, called a radian, is 
180° 




Fig. 41a. 



- 57°.3- 



If z is a real number, sin x means sine of the angle whose circular 
measure is x. Thus sin 2 = sin (114° .6- ). 

Example 1. Plot the curve y = 2 sin (3 a;). The sine of an angle 
is never greater than 1 nor less than ~1. Consequently, on this 
curve, y cannot be greater 
than 2 nor less than - 
The curve thus lies between 
the lines y = —2 and y = 
The most important points ■ 
on a Bine curve are those 
where the sine is a man- 
mum, miniinu tn or zero. 
Between 3^ = and 3a: = 
2ir, the important values are 
shown in the f ollowii^ table: 



r 

1 \ i \ 


^■-^-^v 


I'j. :-j. 





This part of the curve extends from to ^4 (Fig. 416). When a; is 
increased by J ir, 3 x is increased by 2 t and y is not changed. Be- 
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yond A a new wave thus begins like that between and A . In the 
same way it is seen that the wave on the left of is Uke that from A 
to 0, The whole curve thus consists of an infinite number of wavea 
each of wave length ^ jr. 

Ex.2, a; = cos {2 y — 3). Since the cosine is never greater than 
1 nor less than —1, the curve lies between the lines x *= 1, a: =—1. 
At the point A (Fig. 41c) where 2y — 3 = 0, x 
baa the maximum value 1, Between this point 
and B, where 2 y — 3 = 2 t, the most important 
values are shown in the following table : 

2v-3 = I T l^ 2t 




When y is increased or de- 
creased by T, the change in 
the angle 2 y — 3 is 2 ?r and x 
is not changed. The curve 
then consists of a series of 
waves like that from 4 to B Fig, 41c 

placed end to end. 

Ex.^. B + 1 = sin-' {x — 1). This equation 
is equivalent to 

I - 1 " sin (y + 1), 

The graph is a sine curve with axis i — 1 = 0, 
The curve 'paases throi^ the point y = —I, 
X = 1, extending above and below that point in 
a series of waves each of vertical length 2 s-. 
(Fig. Aid.) 
Ex.i. y = 2 sin (I x) + 6 cos (J x). To con- 



struct this curve, draw the curves 

1/1 = 2 sin (i a;), u 
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and on each vertical line determine the point P such that y = yi + yt, 
that is, 

MP =• MP, + MPi. 

To leave siii (^ x) and cos (i x) both unchanged, x must be increased 
by Sir or a multiple of Sir, Hence a section AB from a: = to 



./ 


< 

r. 


^ ,--. ,/!- 


;/w 




Xf"""' ' 



X = Sv must be plotted. The whole curve ia a series of such sec- 
tions placed end to end (J^g. He). 



Art. 42. Periodic Ftmcttons 
The equations considered in the previous article have the peculiar- 
ity that when a certain constant is added to one of the variables the 
other variable is not changed. Let the equation of a curve be 
/(x,y) = 0._lf 

f[x + k,y)=f(x.y), or f(x,y + k)=f{x,y), 

the curve coufiists of a series of pieces (extending from x to x + it 
or from ^ to ^ + ^} each obtained by moving the preceding one a 
distance k in the direction of a codrdinate axis. In this case the 
function / {x, y) is called periodic and A is its period. The part of 
the curve from xiox + koT from ytoy + kia called a cyck. For 
example, in Ex. 4 of the previous article a cycle extends from any 
point (x, y) of the curve to the point (i + 8 x/y). To plot a curve 
whose equation is periodic it is necessary to plot one cycle and sketch 
the others from periodicity. 
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Example 1. Plot the curve y = t&n(2x). If the angle 2 a; ia 
increased by T (xincreasedby Jir) the tangent is not changed. The 
curve therefore consistB of a series of parts each obtained by movii^ 
the preceding onea distance i IT 
to the right. One of these 
branches passes through the 
origin. As z increases from 
0to2x = It,!/ increases from 
to infinity. The linea; -Jir 
is therefore an asymptote. As 
a from to —It, p 
■ 00 , the line 
z = — i T beii^ an asymptote. 
The branch through the origin 
thus extends from x — — Jt, 
y = -oo to x = Ir, !/ = «. 
The whole curve consists of a series of such branches at horizontal 
distances Jt apart (Fig. 42a). 

Ez. 2. ^ = sec z. The secant of an angle is in absolute value 
never less than 1. Consequently the curve lies outfiide the lines 
y = ±1. Since sec (— r) = sec z, the curve is symmetrical with 
respect to the y-ajos. Since sec (x + 2 ir) = sec x, a complete 
cycle of the curve is contained between x = and x = 2ir. The 
most important points on this part of the curve are given in the 
following table: 

x-0 - T 2-2' 

y=l «., -00 -1 -00, CO 1 
the expression co , — % meaning that on the left of this point y is 
indefinitely large and positive but on the right indefinitely large 
and negative. The curve is a series of U-shaped branches alter- 
nately above v = 1 and below y = — 1 (Fig. 426). 

Ex. 8. X '= sec* y. In this case x is never less than 1. The 
curve consists of a series c^ U-shaped branches on the right oi 
» = 1 with asymptotes y = ±-,y •= ± -*, etc. (P^ 42c). 
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Ex. 4. 

crosses the x-axis where 

- = 0, ±T, ±2ir, d 
a; 

that is, where 



1 



1 



Qup.6 
The curve 



1 



Between each pair of consecutive 
croasingB it reaches one of the hnes 
y = ±1, The curve has an infinite 
number of waves whose horizontal 
lengths approach zero near the ^-axis 
(Fig. 42d). 




Art 48. Ezpoaential and IiOgarithmk Curves 
If a is a positive constant the function o' is called an exjxmential 
fimetion. It is understood that if a; is a fraction a' ia the positive 
root. 

Ify ai' then, by d^nUi4m,x 13 the logarithm <^fy to base a. Thus 
the equations 

y^a", x = \ogay 
are equivalent and both represent the same curve. 
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A particular number of great importance is 

= 2.7182 .... 

Logarithma with e as base are called natural logarithms. The 
functions e* and log. x are much used in higher mathematics. 

In working with exponentials and logarithms the following facta 
are often useful: 

(1) o" = 1, loga 1 = 0, if a is not zero or infinite, 

(2) o- = 00, o"^ =0, log. 00 = 00, logaO= -00, if a>l, 

(3) a" =0, a— -oo,Iog«co = -oo, 1«^0- <»,ifo<l. 

Example 1. Plot the curve y = 2^, or i = logiy. The curve 
croases the y-ajas at (0, 1). Since y is always positive the curve 
lies entirely above the x-axis. As x decreases to — qo , y approaches 
zero and the curve approaches the x-axis which is an asymptote. 
As X increases, y increases. The 
increase in y for a given increase 
in « is greater the lai^r x; for, if 
X changes to z + A, the change 
in i/is 

2^*_2' = 2'(2'' - 1), 

and this is larger for larger values 
of I. If then X is increased by 
equal amounts h, the changes in 
y will form a series of steps of in- 
creasing height. The curve is thus concave upward and becomes 
more and more inclined to the xsms as x increases (Fig. 43a). 

V 

-j. The It^^thm of a 

negative number is imaginary. Hence y is real only when x > I or 
X < —1. Whenx ■" 1, 




{SI) 
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When a; > 1, (a: — l)/ix + 1) is leas than 1 but approaches 1 as 
indefinitely. Consequently y is negative but approaches 
as X increases indefinitely. This 
part of the curve is thus below 
the X-axis and has the x-axis and 
the line x = 1 as asymptotes. 
When I = —1,1/ = logujoo = oo. 
If X < -1, (x - 1)/Cx + 1) is 
greater than 1 but approaches 1 
as X decreases indefinitely. This 
part of the curve is therefore 
— 1 asasymp- 



Fia. 436. 
above the x-axis and has the x-axia and the 



totes (Fig. 4 



When X is negative 



Consequently y is then negative and the curve is below the x-mas. 
When X is positive, y is positive and the curve is above the x-axis. 

I 
As X approaches from the negative aide, e" approaches e~» = 
and y approaches —1. As x 
approaches from the positive 



Fia. 43c. 



side,e* approaches infinity and ~ 

y, being the ratio of two very 

large numbers whose difference 

is 3, approaches 1. Hence, as x 

passes through zero from the negative to the positive aide, the 

point {x,y) jumps from (0, —1) to (0, +1). The curve is dis- 

contimums at a; = 0. When x becomes very lai^, whether it is 

positive or negative, y approaches zero. The x-axis is therefore an 

— Tnptote (Fig, 43c.) 
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\A M Empirical Equations 

Exercises 
Plot the graphs of the following equations: 
1. y = 8in(2i;). IB. y ^ nee 



x~2im^iy). 


20. tr-xsinx. 


»-M'-9- 


-'-& 


y = 2co9i + 3aina;. 
x~tiny+mn(.2y). 


-— ©• 


J,-C09(l-l)+sillCl+l). 


23. y = e-. 


I,-2-coa(2;. + l). 


24. I = 2-*. 


S-mn'x. 


25. V = ICP*. 


y + 1 - cos-' ix - 3). 


26. s^e^iinx. 


V-2tanC3i). 


27. X = i (3" - 3-^. 


. = t«,(,+^} 


28. y-He' + ^). 

29. j/loKioJC = I. 


y-l=cot{x-S). 


30. y = \og,lx(x-2)]. 


X - cotr-' (2v). 


1 


y-tan'a. 


31..= f ■ 


8* -tan a;. 


1(^-1 



y = sec (2 J). 
x~l + eaay. 
y -^ aeox + tanx. 



Art. U. Empirical Equations 

Pairs of coirespondii^ values of two variable quajitities being 
gjv^i, it is sometimes desirable to find an equation connecting 
them. Let the pairs of values be plotted and draw a curve through 
the resulting pointe. However many points are given, the section 
of the curve between eonseoutive points can be arbitrarily drawn. 
Consequently an infinite number of curves can be drawn through 
the points. Each curve has an equation. An infinite nmnber of 
equations are then satisfied by the given pairs of values. From 
a table of correeponding values it is not then possible to find the 
exact equation connecting the quantities. 

It is usually assumed that if a smooth curve is drawn throi^ or 
near the points, its equation will represent approximately the rela- 
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tion of the two quantities. Such an approximate equation is called 
empirical. A table of values being given, an infinite number of 
empirical equations are approximately satisfied by these values. 
The simplest equation should be chosen that has the required 
degree of accuracy. The choice of such an_equation is largely 
a matter of judgment. 

"Hie foUowing are types of equations it may be well to 



(1) y = mx + b. 

(2) y = a^ + bx+c. 

(3) y = flx". 

(4) 1/ = of . 

For convenience of plottii^ different unit lengths are often 
used along the two axes. This amounts to a uniform contraction 
in the direction of an axis. Equation (1) then still represents 
a straight line and (2) a parabola, but the constants in the equa- 
tions have a different geometrical meaning. 

Example 1. From the following values find an approximate 
equation connecting x ai)d y: 

x = 2.2 5.0 7.0 [10 15 

y = 3.3 4.0 6.0 6.5 8.4 11 

These values are plotted in Fig. 44a. The points are seen to 
lie almost on a line. A line is 
drawn so that the points are 
about equally distributed on 
the two sides. This line crosses 
the y-axiB at about (0, 3) and 
the line x = 10 at approxi- 
mately (10, 8.4). The equar 
tion of the line through these 
points is 
Fio.i4a. 1/ = 0.54a: + 3, 

which is the empirical equation required. 
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Ex. 2. Meaaurements of train resistance are given in the follow- 
ing table, where V = miles per hour, R = resistance in pounds 
per ton. 

7 = 20 40 60 80 100 120 

B = 5.5 9.10 14.9 22.8 33.3 46. 
The curve (Fig. 446) looks like a parabola with horizontal axis. 
Let 

R = A+BV + CV^. 

There being three coeflSciente, A, B, C, in this equation, the curve 
can be made to pass through only three 
of the given points. By more advanced 
methods the parabola could be found which 
fitfl eloseat to all the points. If a parabola 
is passed through three properly chosen 
points it will, however, usually be accurate 
enough. The points chosen should be 
spread over the whole curve and should 
not include any that appear to be faulty. 
In the present case numbers 1, 3 and 5 
will be used. Substituting the coordinates 
of these, points in the equation of the pa- 
rabola, 

5.5 = A+ 20B+ 400C, 
14.9 = X+ 60B+ 3,600C, 
33.3 = ^ + lOOB + 10,000 C. 
The solution of these equations is 

A - 4.18, fi - 0.01, C = 0.0028. 
The empirical equation found is then 

B = 4.18 + 0.01 V + 0.0028 V. 

The curve (Fig. 446) drawn from this equation is seen to pass very 
close to all the points. 

Ex. 3. In the table below are given the loads which cause the 
failure of long wrought-iron columns with round ends, in which 
P/a is the load in pounds per square inch and l/r is the ratio d the 

logic 
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f the Golunm to the least radius of gyration of its cross- 



P/o 


IobBA) 


Iog(P/«) 


2,800 


2.1461 


4.1072 


7,500 


2.25S3 


3.8751 


5,000 


2.3424 


3.6990 


3,800 


2.4150 


3.5798 


2,800 


2.4771 


3.4472 


2,100 


2.5315 


3.3222 


1,700 


2.5798 


3.2304 


1,300 


2.6232 


3.1139 
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Try the fonnuU Pfa = C (1/t)'. Taking l(^aritbms of both 
sides, 

log(P/a) = logC + nlog(I/r). 
This is a first degree equation 
connecting log (P/o) and log (l/r). 
If the formula is correct, the 
logarithms should then be coordi- 
nates of points on a line. Values 
of the logarithms are plotted in 
Fig. 44c. The points are almost 
' ^Q 44e on a line joining the first and hist. 

The equation of this line is 
log (P/o) = -2.1 log ((/r) + 8.62. 
Consequently, 

P/o = 417,000,000/(i/r)'\ 

which Is the empirical equation required. This is approximately 
Euler's formula for the axial unit-load P/a which will cause a long 
wrought-iron column with round ends to fail. 

Ex. 4. The following values were found for the amphtude of 
vibration of a long pendulum. Here A •= amplitude in mches and 
t =t time in minutes since the pendulum was set swinging. 

t=0123 4 5 6 

ii = 10 4.97 2.47 1. 
log .A = 1 - 0.696 0.393 0. 



0.61 


0.30 0.14 


0.215 


-0.523 -0,854 

>og[c 
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Assume an equation of the form A = ab'. Then 
logA =logo + ilog&. 
Uaing t and log ^ as coordinates the poiute should lie cm a line. 
F^. ad shows this to be the case. 
The line seems to pass through the 
points f = and f = 5. Its equation 
is then 

log^ -l-0.305(. 
Consequently, 

logo=l, Iog6=-0.3C 
and so a = 10, & = 0.495. The equa- 
tion required is therefore 

A = 10 (0.495)'. 



FiQ. 44rf. 
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From the data in each ai the follow- 
ing examples find an empirical equation 
oonnectmg the quantities measured. 

1. Test on square steel wire for winding guns. The stress is measured 
in pounds per square inch, the elongation in inches per inch. 



5,000 
10,000 
20,000 
30,000 
40,000 
fiO,000 



O.OQOOO 
0.00019 
0.00057 
0.00094 
0.00134 
0.00173 



60,000 
70,000 
80,000 
90,000 
100,000 
110,000 



0.00216 
0.00256 
0.00397 



2. Test on a steel column. The stress is measured ii 
square inch, the compression in inches per inch. 



3,000 



Comprttnion 
0.00004 
0.00011 
0.00020 



6,000 
9,000 
12,000 

3. The melting point 6, in degrees Centigrade, of a lead and zinc 
aUkty containing x per cent lead, is given in the following table. 



15,000 
18,000 
21,000 
24,000 



0.0 



0.00053 
0.00066 
0.00087 



50 



60 



70 



90 



= 186 205 226 250 276 304 
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4. The following table gives the electromotive force B, in micro- 
volts, produced in a lead and cadmium thermo-electric couple whea the 
difference in temperature between the junctions'ia 0° C. 

0'=-3OO -100 100 200 300 

E - SO -140 475 1300 2425 

6. He fdlowing table giva the number of grama iS of anhydrous 
ammonium chloride which dissolved in 100 grama of water make a 
satuTAted solution at 6^ absolute temperature. 

=■ 273 283 288 293 313 333 353 373 
S= 29.4 33.3 35.2 37.2 45.8 55.2 65.6 77.3 

6. The hysteresis losses in soft sheet iron subjected to an alt«maling 
magnetic flux are given in the following table, where B is flux density 
in kilolines per square inch, and P is watts lost per cubic inch for one 
cycle per second. 

B - 20 40 60 80 100 120 

P= 0.0022 0.0067 0.0128 0.0202 0.0289 0.0387 

7. The observed temperatures of a vessel of cooling water at timea 
(, in minutes, from the b^^innii^ of observation are given in the follow- 
ing table: 

(-01 2 3 57 10 15 20 

tf-92'' 85.3° 78.6'" 74.5* 67" 60. 5° 53. S" 45° 39.5° 

8. Measurements showing the decay in activity of radium emanation 
are givot in the following table: 

Timeinhours =■ 20.8 187.8 354.9 521.9 786.9 
Relative activity = 100 85.7 24.0 6.9 1.5 0.19 
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CHAPTER 6 

POLAR COORDinATES 

Alt. 46. Definitions 

We ehall now define another kind of cofirdinatea called polar. 

Let (Fig. 45o) be a fixed point and OX a fixed line. The point 




Fia. 45a. 

is called the pole, or origin, the line OX is called the initial line, 
or axie. The polar coordinates of a point P are the radius r = OP 
and the angle from OX to OP. 

The angle is any angle extending from OX to the line OP, the 
angle beii^ considered positive when measured in the counter-clock- 
wise direction (Fig. 45a, 1 or 2) and negative when measured in 
the clockwise direction (Fig. 45a, 3). 

The radius r is considered positive when OP is the terminal aide 
of (Kg. 45a, I or 3) and negative when terminates on OP pro- 
duced. 

A given point P is seen to have many pairs of polar codrdinatee, 
9 being any angle from OX to OP. A given pair of polar coordi- 
nates, however, determines a definite point obtained by constructing 
the angle 9 and laying off r forward or backward along the terminal 
Bide according as r is positive or negative. 

The point whose polar coflrdinates are r, ff is represented by the 
symbol (r, 0). To signify that P is the point (r, 9) the notation 
P (r, S) is used. 

113 
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Exampk 1. Plot the point P (—1, —\t) and find its other 
pairs of polar codrdiiuites. 
The point ia shown in Fig. 456. The angle —\t terminates on 
OP produced. The angle XOP is equal to Jx. 

\Auy other angle terminating on OP or OP pro- 
duced differs from one of these only by a positive 
"\^ y or negative multiple of 2r. Any such angle then 
\ has one of the forms 2 nit — \t or 2 rtir + f t, 

Fia. 456. where n is a positive or negative integer. 

Consequently any pair of polar coordinates 
of P has one of the forms 

Ex. 2. Plot the point whose polar coordinates are (3, 4). 
The coordinates of the point are 

r-3, fl = 4. 

This means that the circular measure of tf is 4. The ai^e is approx- 
imately 229°. A line is drawn making this angle with OX and on 
the line the point P is located at a distance 3 from the origin 
(Fig. 45c). 




Fio. 45c. 

Equation of a I<ocu8. — The polar equation of a locus (like its 
rectangular equation) is satisfied by a pair of coordinates of every 
point on the locus and not satisfied by the coordinates of any 
point not on the locus. 

Examj^ 1. Find the polar equation of the line through A (a, 0) 
perpendicular to the initial line. 

Let P (r, fl) be any point on the line. IVom Fig. 45d it ia 
seen that 

r COS ff ■* a. 

L,;,-z__lv,C00g[c 
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Coavereely, any point whose codrdinates satisfy thifl equation lies 
on tlie line, for the equation expresses that the projection of OP on 
OX is a. 

Ex. 2. Find the polar equation of the circle whose diameter is 
the segment from the origin to 
the point A (a, 0), 

Let P {r, tf) be any point on 
the circle (Fig. 45e). In the right 
triangle OAP 

r = OP = 04 cos fl = a cos 6. 

Conversely, if r = o cos 9, the p,Q 45^ 

angle at P is a right angle and P 

lies on the circle. Hence r = a cos is the equation required. 




1. Hotthepoints(0,30°),{l,40°),(-2,^y[3, -flc-*. -730*). 

2. Plot the points whose polar codrdinates are (1, 1), (—1,2), 
(2, -3), (V2, V3). 

3. Show graphically that the points (2 V2, 0), (2, |J, (2 ■v^,|), 

(90, ] r) lie on a line. On this line what value of r corresponds to 
9 = Jx7 

4. Show graphically that the points (0, 0), (| v^, 60"), (3, 90°), 
C— J, 210°) lie on a circle. What is its radius? 

5. Show that 1 1, ^ J and I —1, — slore the same point. Give other 
pairs of coordinates of this point. 

6. GivHi the point P (r, B), find the coordinates of the point Q 
if P and Q are symmetrical with respect to the initial line; symmetrical 
with respect to the origin; symmetrical with respect to the line throng 
the origin perpendicular to the inirial line. 

7. Find the polar equation of the line through the origin making an 
ai^e of g with the inirial line. Does I 2, gr jlie on the line? Doits 
coordinates satisfy the equation? 

8. Find the equation of the circle, radius a, vith center at the ongiiL 
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9. Find the pdar equation of the line parallel to the initial line ajid 
paseiag through the point ("in)' 

10. Find the polar equation of the drcle, radiua a, tang^t to the 
initial line at the origin. 

Alt 40. Change of CoOfdlnates 
The same point can be represented by rectangular or by polar 
coordinates. It is sometimes desirable to 
use both systems simultaneously. In this 
case the x-axis is usually coincident with 
the initial line and the origin of rectangular 
coordinates is the pole. A point P (Fig. 
46a) then has four codrdinates, x, y, t, 0. 
These are connected by several equations 
mportant of which are 



J. 
y(e 

" X 



Fio. 46a. 



tanff = 



(46) 



By the use of these equations (or, better, by the use of Fig. 46a) 
any expression in rectangular coordinates can be converted into one 
in polar coSrdinates and conversely. 
Example 1. Find the polar equation of the circle x^ + y' ^x + y. 
From F^. 46a it is seen that 

3? + jf^ = r', x + y = rcoae + rBmB. 
Hence the polar equation of the circle is 

r' = rcose + rsin9 
or 

r = cos e + sin fl. 

Ex. 2. By char^^g to rectangular coordinates show that 
7- (2 cos e + 3 Bin #) =4 
is the polar equation of a straight line. 

Since r cos e = x, r sin e = ^, the rectai^ular equation is 
23: + 3y = i, 
which is the equation of a line whose intercepts are a: = 2, v "■ I- 



Alt 48 



The Conic 




Art i7. Strsight Line and Circle 
Polai Equation of a Stiuglit IJne. — Let LK (Fig. 47a) be the line 
ftnd let OD be the perpeadicular upoa it 
tican the origin. Let \p (r.t) 

OD = p, XOD = a. 
If P (t, 0) ia any point on the line, OP •= r, 
XOP " 6. In the r^t triangle DOP, 
OP coe {DOP) = OD, that is, 

rco8(fl-a) = p, (47a) 

which is the equation required. 

PoUi Equation of a Circle. — If the circle passes through the origin 
(F!ig. 471)) let its radius be a and its center (a, a). Let A be the 
end of the diameter through the origiji 
and let P (r, 6) be any point on the 
circle. In the triangle AOP, 
OA =2a, OP = T, AOP = e-a. 

Since OP = OA COB (AOP), the equation 
of the ch^le is then 



Fia. 47a. 




Fio. 476. 



«(l>-a). 



(476) 



If the circle doea not pass throi^sh the origin (Fig. 47c) let its 
radius be a and its center C (6, fi). Let 
P (r, 0) be any point on the circle. 1 
the triangle COP, CP' = OP' + 0(?- 
20C • OP cos (COP), that is, 

a^ = t' + ¥ - 2brcoe{0 - $), 
which is the equation required. 

Art 48. The Conic 

The locus of a poiid moving in auck a 
vxiy that its distance from a fixed point is 
■proportional to its distance from a fixed straight line is called a conic. 
The fixed point is called a focus, the fixed line a diredrix of the 
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conic. The constant ratio is called the eccentricity of the curve. 
The ellipse, parabola and hyperbola are all conies. The name conic 
refers to the fact that any section of a cone is a conic. 
Let P be any point on a conic whose focus is F and directrix BS 
(Fig. 43a). If e is the eccentricity, the 
definition of the curve is 
FP = eNP. 
Take F as origin and the line through F 
perpendicular to £iS as the x-axia. Let 
DF = k. Then 

FP = T, NP = DF + FM = k + rcoB$. 
Hence 
r = e(A+rcostf), or t=- — - — r. (48a) 




FiQ. 48a. 



ecoaS' 



This is the equation of the conic with focus at the origin and direc- 
trix pei^iendicular to the initial line at the point {—k, 0). 

Chaise to rectangular codrdinates, using F as origin and DF aa 
z-axis. Then 

r = VV + j^, r cos tf = X. 
Equation (48a) can be written 

T = ke + reoose = e(lc + x). 
Consequently, 

i'ik + x)^. (48&) 

Let a be greater than 6 and 




Fig. 48b. 

This is the equation of an ellipse with semi-axes a and b and major 
axis horisiontal. Since a and b can have any values it follows, con- 
versely, that any ellipse is a conic with eccentricity less than unity. 

L:,.i,-z__iv,CoOg[c 



The center of the eUipse is (V a' — iy', 0). Since the origiii is 
the focus the distance from the center to the focus is then 

This shows that FB = a. By symmetry there is another focus at 
the same distance on the opposite side of the center. Hence an 
ellipse has two foci on the major axia at a distance from the ends 
of the minor axis equal to the semi-major axis. 

The PaiaboU. — Suppose e = 1. Let 
A " io. Equation (48t) is then equiva- 
lent to 

y' = a{x + ia). 

This is a parabola. Since a can have any 
value, it follows, conversely, that any 
parabola is a conic with eccentricity 
equal to unity. The vertex of the parab- 
ola is (— Jo, 0), The distance from the 
vertex to the focus is then equal to the 
absolute value of J a. Consequently, a 
parabola t/' = ax has a focus on its axis at the distance J a from 
the vertex (Fig. 48c). 

Tie Hyperbola. — Suppose e > 1. 
Let 




Fig. 48c. 




Equation (486) ia then equivalent to 
(z + Vg- + 6')' J,' , 



FIG. 48d. 



This is the equation of a hyperbola 

with semi-axes a and 6 and transverse axis horizontal (Fig. 48c0. 
Since a and b can have any values it follows, conversely, that ai^ 
lO'perbola ia a conic with eccentricity greater than unity. 
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The center of the hyperbola is ( - Va' + ¥, 0). Since tlie ori^ 
is the focus the distance from the center to the focus is then 

c = V^T^. (48/) 

By symmetry there is another focua at the same distance on the 
other side of the center. Therefore, a hyperbola has two foci on its 
transverse axis at a distance from its center equal to'balf the diagonal 
of the rectangle on its axes. 



Detennine the loci repreeeated by the following equations. Cat' 
struct the graphs. Change to rectangular coordinates. 



r = sec(fl4-|)- 

9 = -i». 



19. y-2x~l. 

20. y" = ix. 

21. 3^ + ^ = 2x. 

25. Find the polar equations of the circles of radius a tangent to 
.both coordinate axea. 

26. Find the polar equation of the parabola with focus at the origin 



27. Find the polar equation of the eUipse with focua at the origjn, 
center on the v-ajds, eccentricity j, and passing through the point 

(■•i)-. 

2S. Find the eccentridty of the rectangular hypu1)oIa 3^ — ^ ^ a*. 
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11. 


H-2r(co8e + am«) + l- 


12. 


r(2-COBe)-2. 


13. 


r(2-3cofle) -6. 


14. 


r(l-cose)-3. 


15. 


r(l+8ine) = -2. 


16. 


r(l+sin»4-coetf) =4. 


17. 


r = 2Bece-3cscfl. 


18. 


r cos (29)= sins. 


the foUowing loci: 


22 


«l/-7. 


23 


x^-y-1. 


24 


:fi + V' = ix + iy. 
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Art. U. GrsptainE Equationa 
To plot the graph of a polar equation make a table of pairs of 
values satisfying the equation, plot the corresponding points antj 
draw a smooth curve through them. It may be useful to look for 
any of the things mentioned in connection with plotting in rectangu- 
lar codrdinates. In most cases, however, it is sufficient to imagine 
0, beginning with some definite value, to gradually increase and 
determine at each instant merely whether r is increasing or de- 
creasing, draw a curve on which r varies in the proper direction and 
mark accurately the points where r is a maximum, minimum or 



Fia. 4da. 

aero. Proceed in the same way with 6 decreasing from the initial 
value. 

Example 1. r = fl + 1. The curve passes through the origin 
at = —I. As 8 increases from this value, r is positive and 
steadily increases. While the angle makes a complete turn about 
the origin, r ia increased by 2 v. This part of the curve (indicated 
by the continuous line. Fig. 49a) thus consists of a series of expand- 
ing coils. Values of $ less than — 1 give negative values of r (indi- 

Klglf 
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Quip. 6 



oated by the dotted line). Angles = —l±k give numerically 
equal values of r. In particular, when £ is an odd multiple of } t the 
resulting points coincide. Hence the two sets of coils cross on the 
line perpendicular to = — 1. A curve like this containing an 
infinite Dumber of coils is called a spiral. 

Ex. 2. The cardioid r - o (1 + cosfl). 

The curve ia shown in Fig. 49b. As increases from to J t, r 
decreases from 2 a to a. As increases from ^ t to t, r decreases 
to 0. Since cos 9 cannot be less than —1, r does not become nega- 
tive. As 6 goes from t to 2 t, r increases from to 2 a. Since 




tOB (6 + 2ir) = COB 6, values of $ greater than 2 x and negative 
values give points already plotted. 

Ex. 3. The lenmiscate t* = 2a'c<M (2ff). To each value of 
correspond two values of r differing only in sign. The curve is 
therefore ayiometrical with respect to the origin. Also aodJes 
diSenng only in sign give the same values of r. Hence the curve 
is symmetrical with respect to the initial line. As 6 increases from 
Oto}T,r varies from ±aV2 toO. When fl is between J t and J «■, 
cos (2 6) is negative and and r is imaginary. As increases &(Hn|T 
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to T, r goes from to ±a V^. Values of 6 greater than r and nega- 
tive values of give points already plotted (Fig. 49c). 




£x. 4. r = acos(2 0). Thn tnaititiiiiTn , minimum unH gpm vrIiim 
of tlie cosine occur when the angle is zero or a multiple of ^ t. 
The most important points on the curve are then the following: 



r~a, 0, 



0, 



Values of greater than 2r give points already plotted (Fig. i9d). 
Ex. 5. r = o sec (I $). It 6 is increased by 4 ir the value of r ia 
not changed. For 

asec[HB + i7r)] = a8ec(|9 + 6T) =asec(ffl). 

The whole curve is then obtained by plotting points from fl = to 
6= 4 T. The most important pointa are 
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where + so , — so means that aa d mcreasea to ) *-, r becomes indefi- 
nitely large and positive, while as 6 decreases to } r, r becomes in- ■ 
definitely lai^e and n^ative. The curve is shown in Fig. 49e. 




Fid. ^. 



Ex.6. )^- a' sin (9). 

The curve (Kg. 49/) is symmetrical with respect to the origin. 
When 6 increases from to | ir, the positive value of r increases 
from to a. Aa $ increases from ^r to r, r decreases to 0. 
Between 6 = r and c= 2 r the sine is negative and no point is 
obtained. Negative values of 6 and those greater than 2ir give 
points already plotted. 



Alt. 60. Intersection of Curves 

If the polar co&rdinates of a point satisfy the equation of a curve, 
the point lies on the curve. A point may, however, lie on a curve 
although its Go6rdinat«s (as given) do not satisfy the equation of 
the curve. This happens because a point has several pairs of polar 
cofirdinates. One of these pairs may satisfy a given equation while 

another does not. Thus the point b{1, — ^j lies on the curve 

H = a' sin (^ (Fig. 49/) but its coSrdinates do not satisfy the equa- 
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tdon. The codrdinates I —1,-j represent tbe same point and satisfy 
the equation. 

To find the intersections of two curves we solve their equations 
fimmltaneoufily. The pairs of coordinatee thus obtained represent 
points on both curves. There may, however, be other points of 
interaection. This happens when some of the pairs of polar co- 
ordinates representing a point satisfy one equation, other pairs 
satisfy the other, but no pair satisfies both. In finding the inter- 
sections of curves represented by polar equations the graphs should 
always be drawn. Any extra intersections will then be seen. 



I Example 1. Show that the point (oi ^ I lies on the curve r* = 
a* sin (3 ff). 
The coordinates given do not satisfy the equation, for ff = ^ gives 
r* " a*Bin (f jr) — —a'. 
The point (ffl, -^ I can, however, be written I —a, - t 1 and in this form 
its coordinates satisfy the equation (Fig. 50a). 



Ex. 2. Find the intersections of the 
Solving simultaneously, we get 

a' an fl "= a'. 
Consequently sin = 1 and 9 = 




One point of intersection is 
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then^ ('*> o)' It is seen &om the figure that £ I — a, ^t lis also a 
point of intersection. 



Bieidies 
Plot the followmg pairs of curves: 



1. 


r-ame, y^^x. 


3. 


r = tan8, y = tax 


2. 


r - COB e, 1/ = cos I. 


4. 


r = sec 9, J/ = Bee 


Ske 


tch the graphs of the following equations: 


5. 


r-8. 


19. 


r = l + coa(ie). 


6. 


r = 1 - S. 


20. 


r-4 + 5coa{5fl). 


7. 


1 


21. 


r-l-2cos(Jfl)- 


*" fl" 


22. 


r = sin cos fl. 


8. 
9. 


r = 2'. 

r = «8b(2#). 


23. 


—(I)- 


10. 


r - o cos (3 fl). 


24. 


r". 2 a' sin (2 6). 


11. 


r-a(l+eine). 


25. 


H - 1 + sin fl. 


12. 


r = Q(2 + ffli.e). 


26. 


r» = tan (2 fl). 


13. 
14. 


c = o(H-2sine). 

'— (-5} 


27. 
28. 


reine = acoa(2fl). 


15. 


r-<.cos(Jfl). 




I 


16. 


r=ffltan(ie). 


2S, 


2* + l 


17. 


r = a(H-ain2e). 




2»-l 


18. 


r= 0(1+2 cos 30). 





30. Show that the point (1, i ») lies on the curve r = sin (2 #) but 
that the coordinates given do not satisfy the equation of the curve. 



31. Show that the point f 1, s«-) li 



but that the co6rdinates given do not satisfy the equation of the ci 
32, Show that if a is a constant the equations 



acosfl + r ocosfl- 1 

represent the same curve. 

33. Show that the equations r* = a' co^ (2 9) and r = a cos (2 (») 
represent the same cimre. 

34. Why do the equations i* •= or cos fl and r » a cos 3 represent the 
same curve? 

Plot the following pairs of curves and find their points of intersection ; 
».,.2„(,-^), ,.2«,(. + |j. 



S6. raius - a, rcoe 

S8. r = asin(2e), r 
39. .«-2a'0O8(2ff), 



Locus PBOBLEUS 

a* sill (30). 



Alt 61. LocDS Problems 

Jn finding the equation of the locus of a movii^ point, either 
polar or rectangular codrdinates can be used. The system should 
be choaen which seems to fit the 
problem best, making a change of 
codrdinates in the resulting equa- 
tion if necessary. U the positions 
of origin and axes are not specified 
they should be placed in the most 
convenient position. This is usually 
(though not always) the most sym- 
metrical position. 

Exampie 1. Through a fixed point draw a line intersecting a 
fixed circle in Qi and Qi (Fig. 51a). On this Une determine the 
point P Buch that 




Fia. 51a. 



1 



OP 



Find the locus oiPaa OP turns about 0. 

Take the origin at and the initial line through the center 
(6, 0) of the fixed circle. Let Qi, Qi, and P be (r,, e), [r,, e), and 
(r, 8) respectively. By hypothesis 

The equation of the fixed circle ia t^ - 2rbcos9 + i^ — a* = 0, 
that is 

r = 6 cos 9 ± V'a* - /»* sin" e. 



Tbe two values of r ii 

n + rj = 2 b cos ff, 



this equation are ri and rj. Hence 
r,r, = 6>coe'fl - (a" -b'sia^d) = b> - 
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IB the equation of the locus described by P. It is a straight hne 
through the pointe at which lines through are tangent to the circle. 

Ex. 2. A point moves bo that the product of its distances from 
two fixed points is equal to the square of half the distance between 
them. Find its locus. 

Take the x-axis through the fixed points and the origin mid- 
way between them. Let the distance between the fixed points be 
2 o. If P (i, y) is any point on the locus (Fig. 516), by hypothesis, 
A'P-AP^OA\ot 



V(x - a)' + »' V{x + ay + j,' = a\ 
Squaring, 

i^ + y' + o*)> - 4 a'j;' - a\ 
Changing to polar coordinates, 

(r' + o')'-4aVeoB'e = a*, 
~ "or r* = 2a*{2cos'9-I) 

= 2o'coB(2fl), 
whieh is the equation of a lemnis- 
Fio. 51b. cate. 

Bierdaea 

1. LK is a fixed straight line perpendicular to the initial line at 
(o, 0). On any line through the origin, inteisecting LK in Q, is taken 
a point P such that 

OP-OQ = a: 
Find the locus of P as OQ turns about 0. 

2. LK is a fixed straight line perpendicular to the initial line at 
A (a, 0). Any line through inteisects LK in Q and a point P ia 
taken on this line such that 

PQ - AQ. 
Find the locus of P as OQ turns about 0. 

3. A point P moves in such a way that its distance from a fixed 
point multiplied by its distance from a fixed straight line LK ia 
constant. Find the locus of P. 

i. A segment of fixed length slides with its ends in the z and y axes. 
Find the locus of the foot of the perpendicular from the origin to the 
moving segment. 

5. A revolving line passing through the center of a fixed circle 
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intersects the circle in a point Pi and a, fixed striusht line in Pi. Find 
the locus described by the point midway between Pi and Pi. 

6. Let OA be the diameter of a fixed circle and let LK be tangent to 
the circle at A, Through draw any line intersecting the circle in D 
and LK in E. On OB lay off a distance OP equal to DE. Find the 
locus o! P BS OE turns about 0. 

7. From a point on a fixed circle perpendiculars are dropped upon 
the tangente of the circle. Taking O as origin and the diameter through 
O as initial line find the polar equation of the curve generated by the 
feet of these perpendiculars. 

8. A circle rolls along the initial line and a line through the center 
of the circle turns about the origin. Find the locus of the intersections 
of the moving line and circle. 

9. A circle rolls along the initial line. A line through the or^n 
moves in such a way as to remain tangent to the circle. Find the locus 
of the point of tangency. 

10. Take a fixed point and a fixed straight line BC. Throu^ 
draw any line intersecting BC in D and on this line lay off a constant 
distance DP measured from D in either direction. Find the locus 
described by P as the line turns ^out 0. 

11. Through a fixed point O on the circumference of a fixed circle 
draw any line cutting the circle again at D and lay off on this line a 
constant distance DP measured from D in either direction. Find the 
locus of P as OP turns about 0. 

12. A striught line OA of constant length revolves about 0, Through 
A a line is drawn perpendicular to the initial line intersecting it in B. 
Through B a. line is drawn perpendicular to OA intersecting it in P. 
Find the locus of P. 

13. MN is a straight line perpendicular to the initial Une at A (a, 0). 
From O a line is drawn to any point B of MN. Through B a line is 
drawn perpendicular to OB intersecting the initial line at C, Through 
C a line is drawn perpendicular to BC intersecting MN at D. penally, 
through D a line is drawn perpendicular to CD intersecting OB at P. 
Find the locus of P. 

14. Two circles whose centos are fixed and whose orcumferences 
touch rotate without sUpping. A line through the center of one circle 
and rotating with it intersects a similar line on the other circle in a 
point P. Find the locus of P. If the radii are incommensurable show 
that the locus paaeea indefinitely near any p<unt of the plane. 
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CHAPTER 7 
PASAMETRIC RBPSESENTATIOIT 

Art Si. Definitian of Parameter 

In some cases it is more convenient to express the coSrdinatea c^ 
a point on a curve in tenna of a third variable than in terms of each 
other. Such a third variable is often caUed a parameter and the 
equations connecting the coordinates with the parameter are called 
porafnetrtc equationa. 

Example 1. A rod 5 feet long moves with its ends in the co- 
ordinate axes. Find the locus of the point P, 2 feet from the end in 
the x-BJoa. 





FiQ. 62a. 



Fio. 526. 



Let QB be the rod and * - j^OQB (F^. 52a). By hypothesis 
PQ = 2 Bad PR =■ Z. Let x, y be the coSrdinatea of P. From 
Fig. 52a it is seen that 

X = 3 cos ^, y = 2 sin ^. 
These are the equations expressii^ the coordinates of P in terms of 
the parameter. To find the equation connecting x and y we elim- 
inate the parameter. The result is 

x' y' 

— + — = sm' <fi + cos' ^ = 1. 



The locus of P is therefore an ellipse. 
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Ex. 2. Find the locus of the point P, intersection of OB and MQ, 
(Fig. 526) given that MQ = are AB. 

Let the radius of the circle be a and / AOQ = 0. Let r, fl be 
the polar coordinates of P. Then 

arc JB = 00, MQ •= a8in0. 
Consequently, 9 » sin 0. Also 

OM _ acoa0 
COB COS (sin 0) 
Polar parametric equations of the locus are therefore 
9 = sin0, r = o cos sec (sin 0). 
Elimination of gives the equation connecting r and in the form 
r = aVl -fi»secfl. 
Almost any quantity that varies from point to point of a curve 
can be used as a parameter. The equations connecting the co- 
ordinates with the parameter naturally depend on the parameter. 
There are then an infinite number of parametric equations of the 
same curve. The coSrdinate axes and the parameter must be 
fixed before the parametric equations have a definite form, 

EierdMS 

1. A circle of radius a has ita center at the origin. Express the 
coordinates x, y of any point P on the circle in terms of the angle ^ 
between the x-exa and OP and so obtain parametric equations for 
the circle. 

2. A (0, a) is a fixed point on the y-Bxs and M a movable point 
on the ataxia. MP is perpendicular to AM and equal in length to it. 
Express the coordinates of P in terms of a and the angle ^ from the 
right end of the 2-axis to MP. By eliminating ^ find the rectangular 
equation of the locus ot P. 

3. is the center ot a fixed circle tangent to AB at A. Through 
any point Q of AB passes another line tangent to the circle at if. On 
RQ determine the point P such that RQ = QP. Taking OA as x-aim 
and as origin express the coordinates ot P in terms ot = ZAOQ. 
By eUminating the [parameter^ determine the coordinate equation ot 
the locus ot P. 

4. A segment AB through the point C (2, 1) has its ends A and B 
In the X- and ]/-axes respectively. It P (z, y) is the middle point of AB 
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eatress x and y in tertns of the angle ^ = OAB, By diminating ^ de- 
tednine the rectangular equation o! the curve de8cra>ed by P as AB 
tuna about C. 

6. A string held taut, is unwound from a circle. Taking the nrigin 
ftt the txaiter of the circle and the initial line through the point where 
the string begins to unwiod, express the polar codrdinates of the point 
P at the aid of the atring in terms of the radius of the circle and the 
an^e at the center subteuded by the arc unwound. Find the polar 
equation of the locus of P. 

Art 5S. Locus of Panunetiic EquctioBs 
Suppose the coordinates x and y are given functions of a param- 
eter^, 

(1) i=/i(*), ?=/.(«). 

If a value is aasigQed to <}> the resulting values of x and y are coordi- 
natee of a certain point. The totality of such points will usually be 
found to fonn a curve. The above equations represent the curve 
in the sense that if any value be assigned to tp the teeulting point 
lies on the curve and if any point (x, y) be taken on the curve there 
is a value of <t> such that x = fi (<f>), y = fi (0). 

To plot the curve we assign values to 0, considered as independ- 
ent variable, calculate x and y and plot the resulting pointo. 

To find the coordinate equation eliminate <f> between the para- 
Qietric equations. Let the result be 

(2) /(x,y) = 0. 

This equation, being a consequence of the parametric equations, is 
satisfied by the codrdinates of any point on the curve. If, con- 
versely, for every pair of values x, y aatiflfying (2) a value of ij> can 
be found such that x = fi (0), y = /i (0), then (2) is the coordinate 
equation of the curve. 

Example 1. Plot the curve whose parametric 
equations axex = t,y = P and find ite rectan- 
gular equation. 

In the table values of x and y are placed after 
the corresponding values of the parameter L 
The points represented by these pairs of co- 
ordinates are plotted (Fig. 53a) and a smooth curve drawn tiirough 
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. 


±00 


±00 










±( 


±1 


+v 




+1 


+1 


±k 


±4 


=l-t 
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the resulting points. By eliminating t the rectaogular equation of 
the curve ia found to be j/ — x*. 
Ex. 2. X = 3 cos ^, If = 2 sin ^. While ift iocreases from to - , 



T 
B 

^^-——— — — -^ 
of IV 




Fig. 63a. 



Fro. 53c. 



X decreases from 3 to and y increases from to 2 [AB, Fig. 53b). 
As <!> continues to t, y decreases to while x decreases to —3 
(BC, Fig. 53fc). Then y decreases to -2 at * = J ir whUe x in- 
creases to 0. Finally, x increases to 3 and y to at ^ = 2 jr. 
The symmetry with respect to the z-axis could have been foreseen 
since a change in the sign of ij> makes a change in the sign of y but 
leaves x unchanged (P to P'). The aymmetry with respect to the 
y-axis is indicated by the fact that a change from ^ to «■ — 
changes the sign of x and makes no change in y (P to P"). 

Ex. 3. X = i (( - I), y - (( + 1) (( + 2). The curve crosses the 
X-axis at ( - -1 and ( = -2 (C and B, Fig. 53c). It crosses 
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the y-asia at i =■ and i = 1 (D and E). When ( is a large 
negative number x and y are both positive. As t increaaes to —2, 
X and y both decrease (A to fi). As i goes from —2 to —1, y is 
negative, x positive and decreasing (S to C). Between i = — I 
and t = 0, y ia positive and increasing, x positive and decreasing 
(C to D). Between t = and f = 1, x ia negative, y positive 
and increasing (£> to E). When t > 1, z and y are both positive 
and increase with t (E to F). If ( is replaced by —I — 1, the x 
and y codrdinates interchange values {P to P'). Hence the curve 
ia eymmetrical with respect to the line OQ bisecting the angle 
between the axes. By subtraction 

(1) y-x = il + 2, or l = i{y-x-2). 
Substituting ( in the equation x = 1(1 ~ 1) and simpUfying 

(2) (y-xy-8(y + x) + 12 = 0. 

Conversely, if (I) and (2) are solved for x and y the parametric 
equations are obtained. Therefore (2) is the rectangular equation 
of the curve. It ia a parabola. 
Ex. 4. X = coa (2 ip), y = am(i>. When ^ = we get the point 

A (1, 0). As it> increases, x decreases and y increases until <t) = -^ 

at B (—1, 1). As ^ continues to increase the point turns back, 
retraces the arc BA and continues 
to C (-1, -1) where * = t jr. 
As ttt continues to increase the 
point oscillates back and forth 
along the path CAB (Fig, 53d)- 
Since a; = cos (2 ^) = 1 - 2 sm* * 
and y = sin (p, 

X'=l-2y\ 
FiQ. 53d. 

This equation is not however equiv- 
alent to the parametric equations. It represents a parabola ex- 
tending to an iniinite distance on the left, whereas the parametric 
equations (since sin ip and cos 2 are never greater than 1) rep- 
resent only the piece CAB, 
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Ex. 5. Find the intersections of the curves x = a cos fl, y = 
6 COB (2 9) and X = a sin ^, y = bsm{2 4>). 

At a point of intersection both pairs of parametric equations 
are satisfied. Hence 

sin* = C06fl, sin(2^) = cos(2fl). 
The general solution of the first of these equations is 
« = | + 2nx-0 

where n is any positive or negative int^er. Tliis value substituted 
in the second equation gives 

sin (2 9) = cos (2 9). 

Consequently tan (2 9) = 1 and 6 = — + -. Hence 
x= idcosl-V ±osin(-j. 



y = 6 cos 



|> -'«"©• 



Art. H, Parametric from Coordinate Equations 
When the parametric equations of a curve are given its co6rdi- 
nate equation is obtained by eliminating the parameter. The con- 
verse problem is, given the coordinate equation and the definition of 
a parameter to find the parametric equations. To do this we use 
the definition of the parameter to obtain at least one equation con- 
necting the coordinates and the parameter. This and the co- 
ordinate equation give two equations in three unknowns (two 
codrdinates and a parameter). By solving these equations for the 
coordinates we obtain the parametric equations. 
ExampU 1. Find parametric equations of the curve 

using the ratio y/x as parameter. 
Call the parameter (. Then by hypothesis 

<.) '-.. 
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This and the equation of the curve, solved simultaneoualy, give 

If we eliminate t from these equations we get the coordinate equa- 
tion. Therefore the equations (2) are parametric equations of the 
curve; for if i, y are the coordinates of a point on the curve a value 
( = y/x can be found such that x, y, I satisfy the parametric equa- 
tions and conversely if x, y, ( are any numbers satisfying the 
parametric equations then z, y are the coordinates of a point on the 
curve. 

Ex. 2. Find the parametric equations of the curve 
xy = 2x + 2y-3, 
using as parameter the slope of the line joining (x, y) and (1, 1). 

Call the parameter t. By hypothesis 

(s, , = |5i. 

This and the equation of the curve, solved simultaneously, give 

(4) ^ = 2 + 7. y = t + 2. 

Conversely, elimination of t from (4) gives the equation of the 
curve. Consequently, the equations (4) are parametric equations 
of the given curve. 
Ex. 3. Find parametric equations of the parabola 

X = I - v*, 
using the parameter 4> defined by the equation y = miip. 

Substituting y = sin ^ in the equation of the curve we get 
X = 1 — sin' 4t = cos* tj>. The equations obtained are therefore 

Since x and y given by these equations cannot be greater than I, 
these are not parametric equations of the whole parabola but only 
of a piece of it. This is due to the fact that when y is numerically 
greater than 1 there is no parameter <ft defined by the equation 
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Bi«rdMi 
Plot the cmres represented by the following parametric equations and 
determine the corresponding coordinate equations: 

1. x-l + 2t, y. 

2. x=-P, y -2i. 

3. a; - ( + 

4. x-p(.t-i),j/-p(t+i). n, 



1-2 



uat, y — teoet 

»(2*), e-ain* 



— a (9— sin 9), if— a (I— cos fl). 






6. x-sj 

7. j-s. 

15. Plot two turns of the curve 

'-•"♦. »-"(^) 

and show that the complete curve passes indefinitely near any point 
within a unit square. 

16. Find the polar parametric equations of the curve 

i = ico8i, v = (sin(, 
using the same parameter. 

17. Find rectangular parametric equations of the curve 

r = C, fl - 1 + (. 

18. Show that I = ain(,v = co8{2 0andi = an(2 0, V = oos(40 



IS. Arei = (-(--, V = / — -and: 

20. Are I =*+7. y =( - y and X - 
sec 8 the same curve? 



+ 2-', !/ = 2*-2-'theBami 
eo fl, y •- coae - 



Find the intereections ot the following pairs of curves: 



t = P) 



, 3^ + y' =^Sxy. 



y~2tS 

x-ScosS) X - 1 +l\ 

tf-5Binej' H ='2 + l)' 



X — o^cos^l 



24. 



2 a COB* » \ 



25. Find rectangular parametria equations of the circle, radius a, 
with center on the z-ans and passing through Uie origin, using as pa- 
ir the polar coordinate B. 
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26. Find pammetric equatioDB for the parabda 

]^ = ix, 
luiiig the ratio - as parameter. 

27. Find panmetiic equatJone lA the dlipae 

aang the parameter ^ defined by the equation x — a cos ^. 

28. li^d parametric equations for the hypobola 

a» W ' 
using the parameter ^ defined by the equation x " a Bee ^. 

29. Find parametric equations d the curve 

using the parameter ^ defined by the equation x — a ain* ^. 

30. Find parametric equations of the curve 

using as parameter the slope of the line joining {x, y) and (1, —2). 

Art 6b. I<ocas Problems 

The Cycloid. — When a circle rolls along a straight line a point of its 
circumference describes a curve called a cycloid. 

Let & qircle of radius a and center C roll along the z-axis (Fig. 
65a). Let N be the point of contact with the x-axis and P {x, y) 




the point tracii^ the cycloid. Take as origin the point found by 
rolling the circle to the left until P meets OX. Take as parameter 
the ai^e NCP = 4-. Since the point of contact moves the same 
distance along the circle as along the straight line, 
ON^arcNP = (up. 

I :__lv,C00g[c 



Alt H Locus pBOBLEMB 139 

Consequently 

x = OM = ON ~MN = 0N-PR = a4> - aain^ 
y = MP = NC ~ RC = a- aeoa^. 
The parametric equations of the cycloid are then 

a; ■■ o(^ — a ein^}, y « a(l — cos0). 
The Epicycloid. — When a circle rolls on the outside of a fixed circle 
a point on its circumference describes an epicycloid. 

Let a circle of radius a and center C roll on the outside of a circle 
of radius h and center 0. Let N be the point of contact and P {x, y) 
the point describing the epicycloid. Let 4 be the point obtained 
by rollii^ the moving circle backward until P meets the fixed circle. 




Fio. 656. 



Let be the origin, OA the z-axis. Let OCP — and take as pa- 
rameter the angle AOC = <l>. Since the point of contact moves the 
same distance along both circles arc^^ = axe NP and conse- 
quently bip = aB. Also 

RCP - OCP - OCR = tf-(|-*)=tf + «-|- 
Therefore 

x-OM-OS + RP = OCcoe<t> + CPwi{BCP) 
- (o + 6)coB « - o cos (fl + 0) •= (a + 6) COS * - o cos f ^^« j. 
c,q,z.<ib,Coogle 



c Representation Cbxp. T 

1I = MP = 8C-RC~ OCflin* - CP coa (RCP) 

" (a+6) sin^ — osin (9+^) — (o + &}Bm^ — OBiii|- 0l. 

The parametric equations of the epicycloid are then 



1. A circle of radius a moves with its center in the x-aids and a 
straight hne passes through the center of the circle and a fixed point 
on the y-KJOa. Uedtig as parameter the angle between the line and 
1^4x18, find parametric equations for the curves traced by the inter- 
sectiona of moving line and circle. 

2. Let AB be a given line, O a given point it unite distant from AB. 
Draw any line through meeting AB in M and let P be the point od 
this line such that 

OMMP-^if. 
Find the parametric equations of the locus of P, u^ng O as the orig^, 
the perpendicular from O to AB as x-axis and the angle between OX 
and OP as parameter. 

3. Let OA be the diameter of a fixed circle and LK the tangent at 
A. A variable hne throu^ int«iK«t8 the drole at B and LK at C. 
Through B draw a line parallel to LK and through C a line perpendicular 
to LK and call the intersection of these lines P. The locus of P is a 
curve called the witch. Find its parametric equations using the tan- 
gent at O as X-axis and the an^e from the x-axis to OC as parameter. 
Also find the rectangular and polar equations of the curve. 

4. Let be the center of a circle, radius a, A a fixed point and B a 
moving pcant on the circle. If the tangent at B meets the tangent at 
A in C and P is the middle point of BC, find the equations of the locus 
of P using the an^e AOB as parameter. Also find the rectangular 
equation. 

6. OBCD is a rectangle with OB = a, BQ = e. Any line ia drawn 
through C meeting OB in E and the trian^e EPO is constructed so that 
the angles CEP and EPO are right angles. Find the locus of P, using 
the an^e DOP as parameter, OB as x-axis and O as origin. Also find 
the rectangular equation of the locus. 

6. A (0, ~a) and B (0, a) are two fixed points on the y-axis. H is 
a variable point on the x-axis. BK is the perpendicular from B to Alt 
meeting it in K. Through K a line is drawn paralld to the x-axis and 
through H a line is drawn parallel to the v-axis. These Unes meet in P. 



.IV, Google 



Alt B6 Locos Fbobleus 141 

Find the equatioiu of the locus of P using the angle BAK aa parameter. 
Also £nd the rectangular and polar equations of the iocus. 

7. Let OA be the diameter of a fixed circle and LK the tangent at A.' 
Through draw any line intersecting the circle in B and LK in C and 
let P be the middle point of BC. Find the equations of the locus of P, 
using the angle AOP as parameter, OA as y-ans and O aa ori^. Find 
the rectangular and polar equations of the same curve. 

8. OA is a diameter of a fixed circle and LK the tangent at A. 
Through any line is drawn meeting the circle in B and LK in C. 
Thiou^ B a line is drawn perpendicular to OA meeting it in M. MB 
is prolonged to P so that MP = OC. Find the locus of P. 

9. CD is perpendicular to OX and distant a units from 0. A is a 
movii^ point on CD. AB is drawn perpendicular to OA meeting OX 
in B. BP is perpendicular to OX meeting OA in P. Find the locus 
of P. 

10. Through a moving point B on a fixed circle lines from the ends 
of a diameter are extended a distance equal to the radius to form the 
aides of a square whose diagonal is BP. Find the locus of P. 

11. The sides of a right angle aie tangent to two fixed circUfl. Find 
the locus of the vertex. 

12. Through two fixed points lines are drawn to form an isosceles 
triangle with its base in a fixed line. Find the locus of their point of 



13. The angles of a triangle are A, B, C and the opposite sides are 
a, b, c. If the vertex A moves along the x-axis and B along the y-ans 
find the locus of C, using the angle between the side AB and the z-axis 
as parameter. 

14. A string is wound around a circle and the end fastened at the 
center (d the circle. A pencil resting against the string keeps it taut. 
Find the curve described as the string unwinds from the circle. 

15. When a wheel rolls along a straight line any point in a spoke 
describes a trochoid. Let the wheel roll along the x-aiis and use as 
parameter the angle ^ in the equation of the cycloid. Find the para~ 
metric equations of the trochoid described by the point at distance 6 
from the center of the circle, 

16. A hypocycloid is the locus described by a point on the circum- 
ference of a circle which rolls internally on the circumference of a fixed 
circle. Find the parametric equations of the hypocycloid when the 
radius of the moving circle is I that of the fixed circle, using a parameter 
analogous to that in tiie equations of the epicycloid. 

17. A circle with center at the point (2, 0) intersects a circle with 
center (0, 2) in a point of the line z — 3. Find the locus of the other 
point of intweection of the two circles. 
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CHAPTER 8 
TRANSFORMATION OF COORDINATES 

It is sometimes desirable to move the axes to a new position. 
The co5rdiDAtes will then be changed and it is necessary to &nd fJie 
new codrdiuates. There are two simple cases a combination of 
triiich gives any motion. These are tiunslation, in v^ch the 
origin is moved to a new position without changing the direction 
of the axes, and rotation, in which the or^in is left fixed and the 
axes turned like a ri^d frame about it. 



Y 


h 
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(ft.*) 


t 






k 














Art 66. Translation of the Axes 

Let OX and OY (Fig. 56a) be the axes in their first position, 
O'X' and O'Y' the axes after motion. Let ft, i; be the codrdinates of 
the new origin with respect to the old axes, x, y and x', y" the old 
and new coordinates of any point P. From Fig. 56a it is seen at 
once that 

x = x' + k, y = p' + k. (56) 

These are the equations connecting the new and old codrdinates of 
any point. 



142 
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Example 1. The origm is moved to the point (—1, 2) the new 

axes being parallel to the old. Find the new equation <^ the curve 

:^ + 2x-y + 3 = 0. 

The equations ctHuiecting new and old coordinates are in this oase 

X = / - 1, y = y' + 2. 

When these values are substituted for x and y the equation erf the 

ourve becomes 

x^-y'-O. 

Ex. 2. Find the equation of the curve r = acoa$ referred to a 

new pole at the point I — ^, - Ithe new initial line being parallel to the 

old. 

The equations for transformation being given in rectangular 
codrdinates, we change to rectangular cofirdinates, move the origin 
and then change back to polar coordinates. The co5rdinates <^ 
the new origin are 

The rectangular equations for transformation are therefore 

x-x' + ^, y-y' + ^- 

The rectangular equation of r»a cos ia 

2^ + ]/' = ax, 
which transforms into 

x" + v" + ay' = 0. 
In polar coordinates this is 

r' + oainfl' = 0, 
which is the equation required. -pia 56b 

Ex. 3. Transform the equation 
z* + I/* = 3x — 3yto new axes, parallel to the old, so chosen that 
there are no terms of first degree in the new equation. 
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' :^ + k,y = y' + k. The equation becomes 
a^ + y^ + 3h3!^ + 3ki/'' + 3{h~l)x' + 3ik + l)y' 
+ A' + ft'-3A + 3t = 0. 
If there are no tenne of first d^pree 

ft - 1 = 0, k + l = 0. 
Consequently, h ^ I, k •= —1 and the transformed equation is 
x'' + y'*+3x'^-3y''-G = 0. 

Alt 67. Rotation of 
the Axes 

The rotation is 
moat easily express- 
ed in polar coordi- 
nates. Let the ini- 
-a tifll line OX be 
rotated through an 
angle to OX' (Fig. 
57a) the origin re- 
maining fixed. Let 
the old and new 
coordinates of any pomt P be r, fl and r", $'. From the figure it is 
seen that r = r', tf - fl' + *. 

Using these relations we get 
a; = r ctffl fl = r' cos (fl' + ^) = r" coa fl' coe ^ — / sin 5' ain *, 
y = rsinfl = r* sin (fl' + 0) = /sinfl'eos* + /cosO'sin^, 
Replacing / cos tf* and r' sin ff by x' and y', 
a; = ^' cos - y' sin ^, ) 
y = y' COB tt> + x' an 4>- 1 
Example 1. Find the new equation of the curve 
3?-\-if = x-y 
after the axes have been rotated through an angle of 45°. 

V2 
a' + y' 
V2 ■ 
BubBtituting these values and simplifying 

a:" + 3iV' + 2y' = 0. 
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(57) 



In this case i = z' cos (45°) — y' sin (45°) = - 
y = !/'cos(45°)-l-i'ain(45°) = 



Ex. 2. Find the polar equation of the curve 
^ — y*-2xyVz =2 

/ y/& a/2\ 
after the origin is moved to the point i — ^, -^ I and the axes 

rotated through an angle of —30°. 

The equations for moving the origin to I — , —^j ^■^ 



, V5 


, V2 


If the axes are then rotated through -30° 

i-'Vs + j" ,"V5-x" 

2 ' » 2 
i"V3+!/"-V6 i,"v1-»"+V2 



These values substituted in the original equation give 

x'" - 2 ^21" - j,"> + 1 = 0. 
Changii^ to polar codrdinates 

i^(2cos*e- 1) -2V^rco8fl+ 1 = 0, 

1 

or r = — -= 

V2cosfl ±1 
The curves pven by the positive and negative signs in this equa- 
tion are identical. The equation required is then 



V2cose + I 
Alt SS. InTaiiasts 
Quantities associated with a curve are of two kinds, those depend- 
ing on the position of the axes and those independent of the position 
of the axes. Quantities of the second kind are called imanard. 
For example, the radius of a circle is invariant (does not depend on 
the position of the axes) but the coordinates of its center are not 
invariant (change when the axes change position). 

;__iv,CoOg[c 



146 TauisroBMATioN of CoOrdinatis Chap. 8 

The equation of a curve is not invariant but there are some 
things connected with it that are invariant. One of the simplest 
is the degree of a rectangular equation. Wherever the axes are 
placed this degree is always the same. To see this it is only necea- 
eary to note that the equations for chaise of axee always have the 
fonn 

X - ax' + by' + c, y = dx' + ey' +f, 

where a, b, c, d, e, / are constants. A term x"^" is equal to a sum 
of terms none of which are of higher degree than the (m + n)th in 
z' and y'. Hence throi^h chai^ of axes the degree of a poly- 
nomial cannot be increased. Neither can it be diminished for, in 
that ease, changing back to the old axes would have to increase it. 
Therefore the d^ijee of a rectangular equation is invariant. 

If a rectangular equation can be factored so can the new equa- 
tion resulting through a change of axes ; for each factor of the 
old will be changed into a factor of the new. Also smce real ex- 
pressions are replaced by real, if either has real factors the other 
will have real factors also. 

Art 69. General Equation of the Second Degree 
An equation of the second degree in rectangular co5rdinatc8 has 
the form 

(1) Ax!' + Bxy + Cy' + Dx + Ey + F = 0. 

Rotating the axes through an angle 4> the coefficient of x'y' in the 
resulting equation is 

— 2 A cos ^ sin ^ + B (cos' — sin' 0) + 2Ccos^sin^ 
= B COB (2 0) + (C - A) sin (2 «). 
This is zero if 

(2) ton(20) = j^^. 

If then the axes are turned through an angle ^ satisfying equation 
(2), equation (1) takes the form 

(3) A'a;" + C'y" + D'x' + E'y' + F' = 0. 
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If A' and C are both different from zero, completion of the squares 
gives an equation of the form 

A' ix -hy + C'iy- ky = R. 
If £ is zero this equation ia reducible. If A is not zero the equation 
can be written 

(x' - A)' (y' - A:)' 
R/A' "*■ R/C " ' 

The locus of this equation is an ellipse if the denominators are both 
positive, a hyperbola if one is positive and one negative, and is 
imaginary if both are negative. 

Let A' = 0. Completion of the square in y' terms then gives 

C'(y' -*)»=. -D'ix'-h). 

The locus of this equation is a. parabola. Similarly if C" is zero the 

locus is a parabola. A' and C cannot both be zero ae the equation 

would then be one of the first degree. 

We have thus found that the second degree equatum in redanfftdar 
codrdinate» is either redudbk or else its iocita is an ellipse, a parabola, 
a hyperbola, or an imaginary curve. 



1. What are therectangular coordinateaof thepoints (2, 3), (— 4, 6) 
and (S, —7) referred to parallel axes through the point (3, —2)7 

2. Findthepolarcotlrdinateeof the points (3,|J, (-^il-f^'Y) 

if the origin ia moved to the point (2, 5 I. the new initial line having 
the same direction as the old. 

3. Rnd the equation of the curve 

±' + il/'-2x + Sy + l -0 
referred to parallel aies through the point (1, —1). 

4. Find the equation of the curve 

y'-6y + 3x^ + 12y-lSx + S5-0 
referred to parallel axes through (3, 2). 

5. Find the equation of the circle 

f*-5V3rcosff-6ranfl + 21-0 ,. , 
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vhen the origin is moved to the point (5, ^1, the new initial line being 
parallel to the old. ' 

6. Find the equation of the parabola 

r = — ^P— 

I -0089 

whrai the pole is moved to { —p, 0), the direction of the initial line beii^ 
unchanged. 

7. Find the equation of the Une 

referred to parallel axes through the point (—5, —1). 

8. Find the equation of the ellipse 

when refared to parallel axes through the left-hand vertex. 

9. Find the equation of the witch 

8a» 

referred to parallel axes through the intersection of the y-xae and the 

10. Find the equation of the atrophoid 

referred to parallel axes through the intersection of the x-axis and the 
asymptote of the curve. 

11. Find the parametric equations of the cycloid 

a-o(*-sin*), t(-o(l-coa*) 
referred to parallel axee through the hi^est point of an arch of the 

12. Find parametric equations for the cardioid 

r = a(l + co8fl) 
referred to parallel axes through the point x = ia,y =* 0. 

13. Transform the equations 

i + j(-3 = 0, 2i-3jf + 4 = 
to parallel axes so chosen that the new equations have no constuit 

14. Transform the equation 

!" + !(' -2i + 4if -6-0 
to parallel axes so chosen that the new equation has no turns of first 
degree in x and y. 
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15. Show that by a change to panJIel asea the equation 

can be reduced to the form 

16. Show that by moving the origin to the point (p, 0) and changing 
to polar coordinates the equation 

B»-4pi! 
can be reduced to the form 



17. Show that by a change to parallel axes the equation 

can be reduced to the form 

ii + 4v'' = 6>, 
where b is a constant. 

18. By a change to paraUd axes reduce 

2^-^lf + Zx-iy ~ 12 
to the form {»/o)' - (ff/6)> - 1. 

19. What are the new codrdinates of the points (0, 1), (I, 0), (1, 1), 
(—1, ~1) after the axes have been rotated through an angle of 60"? 

20. Transform the equation 

3f + xy + Ti'= 1 
to new axee bisecting the an^es between the original axes. 

21. Find the equation of the curve 

r"ainecofle - 1 
referred to the same pole but with the initial line rotated through 45°. 

22. By rotating the axes through the proper angle transform the 
equation ay =• 4 to a form without i^term. 

23. By a proper change ot axes reduce a^ -\- xy = 2 to the form {x'/a)' 

- iy'/by = 1. 

24. By a proper change of axes reduce the equation 

I+3V-4-0 
to the form x* — 0. 

25. If the curve j/* = 4 s is referred to new axes show that the second 
degree terms in the new equation form a complete square. 

26. If the curve i" + 4^ — fi -Ois r^erred to new axes show that 
the second degree part of the new equation has imaginary factors. 

27. If the curve i' — ^ — 1 =018 referred to new axes show that 
the second degree part of the new equation has real faotots. 
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CHAPTER 9 
COORDINATES OF A POINT IN SPACE 

Alt 60. Rectangular CoHrdlnates 
Let X'X, Y'Y and Z'Z be three scales with a common zero point 
called the origin. The Unes X'X, Y'Y and Z'Z are called co- 
ordinate axes and are referred to as the x-axis, y-ans and z-axis 
respectively. They determine three codrdinale planes XOY, YOZ 
and ZOX called the xy-, yz- and zx-planes. These planes divide 
space into eight portions called octants. The portion 0-XYZ is 
sometimes called the first octant. The other octants are not 
usually numbered. 

Through any point P pasa planes perpendicular to the coordi- 
nate axes meeting them in JIf , A and T. The numbers at these 
pointe in the scales are caUed 
the co5rdinates x, y, 2 of P. 
This point is represented by 
the symbol (x, y, z). To in- 
dicate the co6rdinates of P 
the notation P (x, y, z) is 



Usually the x-axia is drawn 
to the r^t, the y-axis for- 
ward and the z-axis upward. 

The x-coordinate of P is then 
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rio. 60. 



the segment SP considered positive when drawn to the right, 
the y-coordinate is QP considered positive when drawn forward 
and the z-coordinate ia NP considered positive when drawa 
upward. 

To plot the point P having coordinates x, y, z draw OMNP mak- 
ing OM " X, MN = y and NP = z. The result is a plane figure. 
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PROJKCnOtf 



ISl 



By shading and dotting lines it can however be given the appeal^ 
ance of a apace eonstmction. 

The points in a codrdinate plane have one coordinate equal to 
zero. With respect to the other two codrdinates these points can 
be treated as in plane geometry. For example, the points in the 
yz^plane whose coordinates y and z satisfy a firat degree equation 
lie on a line. 

Many results of solid geometry are similar to those already 
found in the plane. A formula in two coordinates x and y is often 
attended to space by addit^ a similar term containing z. With a 
little attention to these relations many formulas of space geometry 
can be inferred from analogy with thoae in the plane. 



Art. 6i. Projection 

The projection of a segment AB upon a line RS is the segment 

of that line intercepted between planes through A and B perpen- 



N 



Pig. 61a. 



M 



diculai to RS. The projection of AB upon a plane ia the segment 
between the feet of perpendiculars from A and B to the plane. 
Since parallel planes or lines intercept two fixed lines proportionally, 
it follows, as in plane geometry, that segments of a line have the 
same ratios as their projections on a line or plane. Thus, in Figs. 
61a or 616, 

AB:BC=^ AiBi : B,C,. 

In using tbis proportion AB and BC must have algebraic signs if 
their projections have algebraic signs and conversely. 
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Coordinates of a Point in Space 



Chains 



Projection on m Directed Line. — By the angle between two lines 
that do not intersect is meant the angle between intersecting lines 
parallel to them. Two lines de- 
tennine two angles lese than 180°, 
one acute and one dstuse. If the 
lines are directed they however 
determine a definite angle, the 
,_ ,^ ^^^ j^^ y^^^ ^gQO ^j,j^ ^j^^ arrows 

\^ ^1 *i ^y on its sides pointing away from 

n«.616. it. vertex. 

Let be the angle between a 
directed segment AB and a directed line RS (Fig. 6Ic). Through 
A draw AB' parallel to itS to meet the plane through B perpen- 
dicular to RS. If the projection A,B, is considered positive when 
it is drawn in the direction RS 

AiBi = AB' = ABcoeB, 




Flo. 61c. 



that is, the projed,ion of a segment AB on a directed line RS is equal 
to the -product o} the length of the segment by tlie cosine of the angle 
between the segment and line. 

Projection of a Broken Line. — Let ABCD be a broken line 
joining A and D. Project on RS. If segments of AS are consid- 
ered opposite in sign when drawn in opposite directions 



AiBi + B,Ci + CiDi = A,Di. 
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This ifl true whether A, B, C, D are in a plane or not. Therefore, 
the algebraic sum of the ■projectymg of the parts of a broken liTie joining 
two poinis is egwd to the projection of the segment from the first to 
the lad of those poinis. 




Projections on the Axes. — Let PiPt be the s^ment from 
Pi {x,, y,, zi) to Pj {xt, y,, zj (F^. 61e). Through P, and Pi pasa 
planes perpendicular to the x-axis meeting it in Mi and M^. PiMi 
and P}Af) are then perpendicular to OX. If segments are conaid- 
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Fig. 61e. 



ered positive when drawn in the positive direction along the x-axis, 
the projection of PiPi is 

MMi = OMt - OMx = I, - xx. 

Similarly the projections on the y- and s-axes are yj — j/i and ti — z\. 
Therefore in length and sign the projection of a segment on a co$nH~ 
note axis is e^uU to the difference Mcdned by subtracting the coHrdi- 
nale of the beginning from that of the end of the segment. 
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1. Hot the pcanta (0, 0, 1), (1, 1,0), {1, 1, I), (-1,2, 3), {-1, -2, 
-3). 

2. Wb&t is the x-oofirdinate of a point in the yz-phiDet What are 
the X- and y-coSrdinatea of a point on the z-axis? 

3. Wbwe are all the points for which i 17 What ia the locua 

<A points for which x ■^ 1 and y = 27 

4. Determine the distance of (x, y, i) from each codrdiimte asis. 
What is its distance from the origin7 

6. Find the feet of the perpendioulaia from (1, 2, 3) to the codrdi- 
nale planes tmd t« the codrdinate axes. 

6. Given P {1, 0, 1), Q {2, 1, 6), R (3, - 1, 2), find the projections erf 
PQ, QR and RP on the codrdinate axes. Show that the sum of the 
projections on each axis ia zero. 

7. In exercise S find the an^ee between PQ and the coordinate ases. 

8. The projections of AB on OX, OY and OZ are 3, - 1 and 2 re- 
spectively. Those of BC are 2, —3 and 1. Find the projectioDS of AC. 

9. Find the coordinates of the middle point of the segment joining 
(3, 2, -1) and (2, -3, 4). 

10. Given^{2, 1, -2),B{1,3, 1), C (-1, 7, 7), show that the pro- 
jections of A, B, C on the xjz-plane are three pointa on a line. Also 
show that the projections on the ^s-plane are points of a hne. Hence 
show that A, B, C lie on a line. 



8 I 
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Art 63. Distance between Two Points 

Let J*i (xi, Vi, Ji) and Pi (is, yj, zii be the points. On PiPj as 

diagonal construct a box with edges parallel to the codrdinate axes 

(Fig. 62). Since projections on parallel lines are equal, the edges ' 
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of the box are equal to the projections of PiP, on the coordinate 
axes. Consequently 

Since the square on the diagonal of a rectangular parallelopiped is 
equal to the sum of the squares of its three edges, 
Pifji = PiffJ + Pi5P + P,T', 

whence ^ 

PiPs = V(z, - xiy + (y, - vO' + fe - 2i)'. (62) 

Art. 63. Vectors 

A vector is a s^ment with given length and direction. The 
components of a vector in space are its projections on the coordi- 
nate axes. In this book the vector with components a, b, c will be 
represented by the symbol [o, i, c]. The vector P1P2 from 
Pi (xi, Jfi, zi) to P) (xt, yt, Zi) has 'components equal to ij — ii, 
yt — y\ and zi — Zi. This is expressed by the equation 

PiPi = [x, - XX, y, -yi,zt- z,]. (63) 

As in plane geometry, the sum of two vectors is obtained by 
placing the second on the end of the fii^t and drawing the vector 
from the beginning of the first to the end of the second. If v\ 
and fi are vectors b^inning at the same point, fi — Vi is the vector 
from the end of «i to the end of % If r is a nuidser, rv is the vector 
r times as long as v and having the same direction if r is positive 
but the opposite direction if r is negative. 

The components of the sum of two vectors are obtained by add- 
ing corresponding components, those of the diSerence by subtract- 
ing corresponding components and those of the product rv by 
multiplying the components of w by r. 

Example. Find the point P (x, y, z) on the line throu^ 
A (-1, 2, 3) and B (3, -4, 2) such that ^P - 3 BP. 

Using the given codrdinates, 

AP = [x->r\,y-2,Z'-Z], BP = [i ~ 3, y -f 4, z - 2]. 
If then JP- 3 SP, 

a:-|-l=3(a;-3), p - 2 = 3fo-l-4), z-3 = 3(e-2). 
Consequently i = 5, y = - 7, z = f. 

L:,.i,-z__iv,CoOg[c 
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1. Show that the triangle formed by the points (1, 0, 2), (0, -2, 3) 
and (2, -3, 0) is isosceles. 

2. By showing that the sum of the distancM AB and BC ia equal 
to AC show that the points A (1, 2, -1), B (0, 5, 1), C (-2, 11, 5) lie 
onaline. 

3. Find the center of the sphere through the points (0, 0, 0), (2, 0, 0), 
(0, i 0) and (0, 0, 6). 

4. Given A (1, -1, 2), B (3, 2, -1), find the point on AB produced 
which is four times as far from A as from B. Also find the point one- 
fourth tA the way from A to B. 

5. Given A (1, 3, 1), B (3, 5, 4), find the vectors which ore the 
projections of AB on the coordinate planes. Show that the sum at 
the squares of the projections is twice the square of AB. 

6. Show that the points A (1, 0, -1), B {-2, 1, 3), C {-1, 3, 6), 
D (2, 2, 2) are the vertices of a parallelogram. 

7. AE is the diagonal of a parallelopiped with edgea AB, AC and 
AD. Given A (1, 1, 0), B (2, 3, 0), C {3, 0, 1), D (2, 1, 4), find the 
coSrdinates of £. 

8. Given A (2, 4, 5), B (1, 3, 0), C (3, 0, 2), D f6, 1, 9), find the mid- 
dle points of AB and CD. Then find the middle point P of the two 
middle points. Show that P satisfies the vector equation 

PA+PB + PC + PD- 0. 

9. If r and i are numbers the vector tAB + »AC lice in the plane 
ABC. Consequently, if 

AD = tAB + aAC, 
the points A, B, C, D lie in a plane. By findii^ values of r and e satis- 
fying this equation show that A If), 0, I), B (1, -1, 4), C (-3, 1. -3), 
D (3, 2, 0) lie in a plane. 

Art. 64. Direction of ■ Une 

The angles between a directed line and OX, OY and OZ are 
represented by the letters a, 8 and 7. These are sometimes called 
the directum angles of the line. The codnes of a, (3 and y are 
called the direction cosines of the line. 

Let Pi {xi, ]fi, Zi) and Pi (xj, j/i, Ji) be two points on the line. 
Construct a box with PiPi as diagonal and edges parallel to 
the codrdlnate axes. If the positive direction along each edge is 
taken as that of the parallel axis, the direction angles for PiPj are 
those between PiPi and the edges of the box. Consequently 
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DiEBcnoN OP A LiNjj 

PiA a^ — ii 

PiC ^ zi- zi 
" PiPi PiPi ' 

The direction cosines of the lines are ther^ore the comptmente of PiPt 
divided by iis length. 



)87 =■- 
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Since PiPi* = (it ~ lO' + (3/1 — yi)^ + (ja ~ 21)', it is seen that 
cos*o! + eos'P + cob' t = 1, (646) 

that is, the turn of the squares of the diredion cosines of a line is equal 
to unity. 

If it is known that the direction cosines of a line are propor- 
tional to three numbera a, b, c, since the sum of the squares of the 
cosines is equal to unity, the exact cosines are obtained by dividing 
these proportional numbers by the square root of the sum of 
their squares. The two square roots give two sets of direction 
cosines corresponding to the two directions along the line. 

Example 1. Find the direction cosines of the vector [2, —3, 5]. 

The cosines are the ratios of the components to the length of the 
vector. Consequently, 

2 „ -3 5 

'='»" = 77^, cos^- 



Vas' 
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Ex. 2. The direction coeinee of a line are proportional to —I, 2 
and 1. Find their values and construct a line having the given 
ooeines. 

The s^pnent fnmi the origin to the point (—1, 2, 1) has direction 
cosnee proportional to ite components —1, 2 and I. Therefore the 
line through the origin and the point (—1, 2, I) has the direction 
required. He direction cosines are 



±Vq' 



±V6' 



1 



the two signe in the denominatorB corresponding to the two direc- 
tions along the line. 

Art 65. Tlie An^e between Two Directed Lines 
Let the lines have direction an^ee ai, 81, 71 and at, (3:, 71. Let 
OPi and OPi be lines throi^h 
the origin with the same direc- 
tions. Projecting on OPj, 
proj. OPi = pro]. OM + 
proj. MN -f- iffoj. NPi. 

Consequently, 
OPicosfl = 03/ cos a, -f- 
itfiVcos/3,-f-iVP,cos7t 
But OM - OPi cos a,, MN = 
OP, cos ^1, NPi = OPi COS 7,. 
Substituting these values and canceUing OPt, 

cosC = cos ai COS ai -f- cos A cos ^1-1- COS 7i COB 71. (65a) 
That is, the cosine 0/ the angle between two directed lines is equal to 
the sum of the prodtide of correspondtTig direction cosines. 

If the lines are perpendicular the angle is 90° and its cosine is 
lero. In that case 

cos «i cos ffi + cos ft cos ySi +COS71 cos 7i = 0. (656) 

Therefore, two lines are perpendicular when the sum of the prodticU 
qf axrreBponding Erection cosines is zero. ^ CiOOqIc 
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In equation (6S6) the direction cosines of either line can be 
replaced by any numbers proportional to them. In particular, 
two sectors are 'perpendicular when Oie sum of the products <^ corre- 
sponding componenta U zero. 

Example 1, Find the angle between the vectors Wi (—2, 0, 1] 
and t>i [1, 2, 0]. The direction cosines of the vectora are 

-2 I 

coeuf* —;=, cos^i = 0, cosTi = —^, 

V5 V5 

1 2 

cos at = ^^, cos^i = -7=, ooflTi = 0. 

If 9 ia the angle between the vectors, 

costf=-? + + 0=-i. 
The negative sign shows that the angle is obtuse. 

Ex. 2. Show that the points A (4, 2,-1), B (3, -2, 3), C (1, 1, 0) 
are vertices of a r^t triangle. 
In this case 

CA = [3, 1, -1], CB = [2, -3,3]. 

The sum of the products of corresponding components is 



The sides CA and CB are then perpendicular and the 
right triangle. 

1. Determine the direction counes of the coordinate axes. 

2. A atrught line in the xj^plane has a slope equal to v^. Find 
its directim angles and direction cosines. 

3. Determine the direction oodnee of the segment from &» origin, 
to the pomt (2, 3, 6). 

4. How many lines through the or^n make angles ttf 60° with the 
X- and v^axes? What ai^es do they make with the c-axis? 

5. A line makes an^es of 45" with the yx- and cz-planes. Find its 
direction cosines. 

6. A line makes equal angles with the coordinate axes. Find those 

7. Construct a line with direction oosmes proportional to 1, 4 and 8. 
Eind its direction cosines. 

L:,.i,-z__iv,CoOg[c 
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8. Find Uie uigles betweoi the vector [1, 2, 2] and the coordinate 
axes. 

9. Detomine the uiglee of the triangle with verticte (1, 0, 0), 
(0, 1,0) and (0,0, 2). 

10. Show that the line joining the origin to the point (1, I, 1) ia 
peipendicular to the line through (1, 1, 0) and (0, 0, 2). 

11. A line Li in the x«-plane mcikes an angle of 60* with the line Lt 
in the xy^ilane with equation x + 2 v = 4. Find the angle between Li 
and the z-axis. 

12. Find the angles between the s^iDenta from (1, 1, 1) to the 
points (2, 0, 3), {0, 3, -2) and (3, 1, 3). Show that one of these anglea 
is equal to the sum of the other two. What do you conclude about 
the four point«T 

13. Show that the line through the origin and the point (1, — 1, — 1) 
is perpendicular to the line joining any pair of the four points in Ex. 12. 



Art 66. CylindrlcAl and Spherical CottrdinatM 
Let be the origin and OX the initial line of a system of polar 
oodrdinatea in the xy-plane. Let the projection of a point P on 
the ly-plane have coordi- 
nates r and 0. The q/lin- 
drical codrdinates of P are 
r, S and e. The angle 9 ia 
considered positive when 
measured from OX toward 
OY and r is positive when 
N lies on the terminal aide 
"? . of the an^e. 

In the plane ONP let p 
and <f> be the polar codr- 
dinates of P, the z-axis 
being initial line and the orypn. The spherical coSniittates of P 
are p, S and <fi. In this case ip is considered positive when 
measured from OZ toward the terminal aide of 9 and p is positive 
when P lies on the terminal side of tf>. In some books these coordi- 
nates are called polar. 

The relations of the rectangular, cylindrical and spherical coordi- 
nates t^ a point can easily be determined from the right triangles 

_ h.C.ooj^lc 




■cosfl, y = r (inO, \ 

JHm0, Z = pCOB<ti, > 

t^ + y', p' = 3? + y' + ^.) 
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OMN and OPQ in Fig. 66. The most important equations con- 
necting the coSrdinates a 

r cosfl, y = r sinfl, 

(66) 

\-y'-i 

Example. Determine the cyhndrical and spherical coordinates 
of the point (1,2,3). 

From Fig. 66 It is seen that 



The cylindrical coordinates of the point are then 

r = V5, fl = tan-> 2, z = 3 
and its spherical coordinates are 

p = VTi, e = tan-' 2, <f, = tan-' (i VS). 



1. Using cylindrical coordinates (r, 9, 2) oonatnict thepomta[2, ^, 1 1, 
I —3, J, Ol, (2, — =, — 1 1 and find thai rectangular and spherical 
coordinates. 

2. Using Hpherical coordinates (p,9,^) construct the points /l,^^) ^}i 
( — 1, 7, 0], [2, r, njand find their rectangular and cylindrical coOrdi' 

3. WhatisthelocusirfaUpMntsforwhichr- 17 Forwhichff = g? 
What is the locus of points for which r = 1 and ^ = -s^ 

4. Determine the locus of points in each of the foUowii^; cases: 

(a) p - 2, (b) fl = |t, (a)f=1, (d)«=|, (e) ♦ = -. 

6. Determine the locus of points in each of the following cases: 
(a) r - 2, * - 3, (b) # - 60", z - -2, (c) r - -1, S - ». 
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6. Determine the locus of points in each of the following caaea: 
(a)p-2,9-,, {b)p--2,«-^, (c)9=|,«-|. 

7. Detennine the distances of & pinnt from the coOrdimite asea in 
spherical tmd cylindrical codrdinstee. 

8. The spherical codrdinates of P are p ~ 2, e - 30°, ^ ■= 45°. 
Find the aa^ee between OP and the coordinate azea. 
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Art 67. Lod 

An equation represents a locus if every point on the locus has 
codrdinates satisfying the equation and every point with coordi- 
nates satisfying the equation lies on the locus. 

One eqiuUiffn between the coordinaies of a point in space usually 
repreicnia a surface. Thus, the equation ? — represents the 
xy-plane, for any point in the x^plane has a 2-codrdinate equal to 
sero and every point with z-coordinate equal to zero lies in the 
arv-pl&nc. Similarly the equation ^* + !/• + «* = 1 represents a 
^here with radius 1 and center at the origin. In particular cases 
one equation may represent a straight line or curve. Thus, the 
only real points for which i* + y* = are the points i ™ 0, v = 
on thez-axis. 

Two gimuUaneoia tquaHona usuaSy represent a carve or straight 
line; for each equation represents a surface and the two equations 
represent the intersection of two surfaces, that is, a straight line 
OT curve. Thus, the equations 

a:' + V' + z' = 3, 3 = 1 
represent the circle in which a sphere and plane intersect. 

Three simiiHaneous equations are usuaUy satisfied by the codrdi- 
nates of a definite number of points. These points are found by 
solving the equations simultaneously. In particular cases the 
equations may have no solution or may be satisfied by the coordi- 
nates of all points on a curve or surface. 

Art 68. EquatioD of a Plane 
A line perpendicular to a curve or surface is called a normal to 
that curve or surface, 

"« c„,__.„Cooglc . 



Let a D(Hinal DN to a plaue (Fig. 68a) have direction angles 
a, j3, y. Let Pi (xi, y,, Zi) be 
a fixed point and P (x, y, z) a 
variable point in the plane. 
The direction codnea of DN 
are cos a, cos ^ and cos y. 
Those of PiP are proportional to 
X - Xi, y ~yi, z — zi. Since 
DN is perpendicular to the plane 
it is perpendicular to PiP. Therefore, by Art. 6S, 

(x - xi) ooea + (y~yi) cos^ + (z - zi) cosy = 0. (680) 

This is the equation of the plane through (Xi, j/i, Zi) whose normal 
makes angles a, 0, y with the coordinate axes. 

Let the direction cosines of the normal be proportional to A, B, C, 
Then 

cosa :cos^ :coS7 = A -.BiC. 
Since the cosines in equation (68a) can be replaced by any propor- 
tional numbers, that equation is equivalent to 

A(x~xO + B(y-yO + Ciz-z,)-=0, (686) 

which is therefore the equation of the plane throi^ (xi, ^i, Zi) per- 
pendicular to the line with direction cosines proportional to ^, B, C. 

First Degree Equation. — - Equations (68a) and (686) are of the 
first degree in x, y, z. Therefore any plane has an equaiion of the 
first degree in rectangviar codrdinates. 

Conversely, any equation of (Ae first degree in redangulaT coordi- 
nates represent a plane; for any such equation has the form 

Ax + By + Cz + D = 0, (68c) 

A, B, C, D being constant. Let xi, yi, Zi satisfy this equation. 
Then 

Axi + Bi/, JrCzi-\-D = 0. 

Subtraction gives 

A{x ~ X,) + B(y - y,) + C{z - z.) -= 0, 
which is equation (686). Therefore any equaiwn of the form (68c) 

L;,q,-z.= bvCoOglc 
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represaUg a plane whose nomud has direfiion cosines proportional 
to A, B, C. 

Example 1. Coiutruct the plane with equation 2x + 3y + z = 6. 

The plane can be determined by its intersectiane with the codrdi- 
nate axes. Where the plane crOBsea the x-ejda y and z are zero 
and so X ~ 3. Similarly it croHaea the y-tads at ^ ^ 2 and the 
z-Bjds at 2 = 6. The iniercepU on the three axes are 3, 2 and 6. 

Ex. 2. Constnict the plane represented by the equation x — 2y 
+ z~0. 





Fio. 68b. 



Fig. 68c. 



The plane passes through the origin and so its intercepts are all 
eero. It can be determined by its intersections with the coordinate 
planes. It cuts the xj/-plane in the line z = 0, x = 2y and the 
^z-plane in the line x = 0, z = 2y. In their respective planes 
these lines are constructed from the equations x = 2 ^ and z = 2y 
as in plane geometry. The plane through these lines is the one 
required, 

Ex. 3. Find the equation of the plane through (I, — 2, 4) per- 
pendicular to the line through A (2, 1, 0) and B (1, 2, 3). 

The direction cosines of AB are proportional to 1 — 2, 2 — 1, 



3 — 0. Using these values instead of A,B,Cai (I 
of the plane is found to be 

-{x-l) + (y + 2)+3iz-4)' 
Ex. 4. Find the angle between the planes 

x-y + z=l, 2x + 3y~z = 



<) the equation 
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Between two planes ai« two angles less than 130°. It ia shown 
in solid geometry that these angles are equal to the angles between 
lines perpendicular to the two planes. The normals to the two 
planes have direction cosines proportional to the coefficients 1, 
— 1, 1 and 2, 3, —1. The exact cosines of two nonnala are then 

coBai ■"—7=, COS Pi = — ^, coflTi = — =, 

Vs Vs Vi 

Vii Via Vu 

By equation (65a) the angle between the two normals satisfies 
the equation 

The negative tdffi shows that this is the obtuse angle. The acute 
angle between the two normals or between the two planes is 



"'Iviy' 



Construct the planes rq>re8ented by the following equations and 
find the direction cosinea of their normals: 



2. x~ y + St'S. 5. 3i + 4z=0. 

Z. x+ y+ z=0. 6. 1 + 6-0. 

7. Find the equation of the plane through the ori^ perpendicular 
to the line with direction angles a — 60°, B = 45°, y = S0°. 

8. Find the equation of the plane through (1, 1, 0) perpendicular to 
the vector [3, -5, 4]. 

9. Find the equation of the plane with intercepts on OX, OY and 
OZ equal to 1, 2 and 3. 

10. Show that the planes a! + 2y-a = l and 2x +4y -2z •= 3 
are parallel. 

11. Show that the planes s + V - « = 0and2a!-3y-* = 0ftr8 
perpendicular. 

12. Find the ai^e between the planes x + 2v + 2z-0 and 
x-4y + Bt-9. 
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13. Show that the imgle between a line and a plane is the oomple- 
ment of the angle between the line and the normal to the plane. Find 
the angle between the plane x ~ 2y — z = Q and the line through the 
points (3, 0, 1) &nd (0, 2, -1). 

Art. 69. Equation of a Sphere 
A sphere is the locus of pointa at a constant distance from a 
fixed point. The fixed point is the center, and the constant dis- 
tance the radius of the sphere. 

Let C (xi, yi, zij be the center of a sphere with radius r. If 
P {x, y, z) is any point on the sphere, its equation ie 

(x ~ X,)' +(v- y,)* + (a - bO' = r'. (69a) 

When expanded the equation of the sphere has the form 

x^ + f + ^ + Ax + By + Cz + D-O. (696) 

Conversely, any equation of this form represents a sphere if it rep- 
resents a real surface. To show this, complete the squares iax, y 
and z separately. The result will have the form 

{x-ay + {y-by + iz-cr = d. 
If d is positive this represente a sphere with center (a, b, c) and 
radius "Vd. lidia zero the locus ia the single point (a, b, c). If d 
is n^iative there ia no real locus. Hence, whenever the equation 
represents a surface, that surface is a sphere. 

Example. Determine the center and radius of the sphere 

j* + yi + ^-2x + 3y='0. 
Completing the squares, 

(a:-l)»+(l/ + J)' + 3' = V- 
The center ia (1, -f, 0) and the radius is i VlZ. 

Art. 70. Equation of a C:^indTical Surface 
A cylindrical surface is one generated by lines parallel to a fined 

line and cutting a fixed curve. The lines are called geiKralors and 

the fixed curve is called a directrix. 
A cylindrical »mface with generators parallel to a codrdxnaie axis 

it represented in rectangular coordinates by an equation containing 
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mly two codrdinaUa. To ahow this let the generators be parallel to 
the t-ajoB. Let the surface intersect the xy-phne in the curve 
z — 0, / (x, y) = 0. Any point 
P {x, y, z) on the surface has 
the sanie x and ]/ as its pro- 
jection Q (x, y, 0) on the xy- 
plane. Since the coordinates 
X and y of Q satisfy the equa- 
tion / {x, y) — 0,00 do the co- 
ordinates x,y,z<A P. Also, if 
P^ -g the codrdinates of any point P 

satisfy theequation/(z,^) = 0, 
P is in the vertical line through a point Q of the curve and so 
lies on the surface. Therefore f (x,y) « is the equation of tlie 
cylindrical surface. 

Conversely, any equation in two rectangular coordinates repre- 
KtUs a cylindrical surface vnth generators parallel to Uie axis c^ Q\e 
mi^ng coordinate. To show this let the equation be / (x, y) = 0. 
Any point P with codrdinates satisfying this equation lies in a 
vertical line through a point Q of the curve 2 = 0,/ {x, y) = 0, 
and any point in such a vertical line has codrdinates aatiafying the 
equation. Therefore the equation / (x, y) =Q represents a cylin- 
drical surface (riiose directrix is the curve 2 = 0, / (i, y) = in the 
xi/-plane. 

Exam-pie. Find the equation of the cylindrical surface with 
generators parallel to the z-axis cutting the ys-plane in the circle 
with radius 2 and center (0, 1, 1). 
In the 2/2-plane the equation of the circle is 
G/ - D" + (2 - D" = 4. 
This considered as an equation in space represents the given cylin- 
drical surface. 

Alt. 71. Surface of Revolution 
The surface described by a plane curve revolving about an axis 
in its plane is called a surface of revolution. 
In ^ x2-plane let / (x, z) = be the equation of a curve. Let 
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thia curve be revolved about the a-axis. The cylindrical co6rdi- 
nalea r, z of any point P on the resulting aurface are equal to the 
rectangular coordinates x, z of a point Q 
on the curve in the xs-plane. Since the 
coordinates of Q satisfy the equ&tion 
/ (x, z) = 0, the cylindncal codrdinates 
of P satisfy the equation 
f{r,z) = Q. 

This is then the equation of the sur- 
face described by revolving the curve 
y = 0,f{x,z) "0 about the z-aida. 

Since r = Vi' + y", the rectangular 
equation of the surface is 

Similar equations are found for the surfaces obtained by revolving 
about the x- or y-axis. Therefore, to find the rectanffutar equation oj 
the sitrface described by rotating a curve in a codrdiruUe jilane about a 
coordinate axis in thai plane, have the co&rdinate corresponding to the 
axis of rolaiion unchanged in the plane equation of the curve and re- 
place the other codrdinate by the squire root of the sum of the squares 
of the other two. 

Example 1. Find the equation of the surface described by 
rotating the parabola j/* = 2x about the x-biob. 

This means that the parabda in the xy-plane with plane equation 

^ ■= 2 X is to be rotated about the x-axis. The equation erf the 

resulting surface is obtained from y* " 2 x by leaving x unchanged 

and replacing y by V y* + a*. The required equation is then 

y' + j:' = 2x. 

Ex.2. Show that 

(x* + !/')* + 2* {x* + y^ = l 
is the equation of a surface of revolution. 

This is indicated by the fact that the equation contains x and y 
only in the combination a:* + y*. The surface is generated by 
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revolving about the z-oxis the curve with plane equation x* + e*z* 
- 1. 

Describe the surfaces repTcoented by the foUowing equations : 



1. 


I' + B'+^-O- 




S. 


^ + I/> 


-2£ 


2. 


^ + ^ + ^^ix. 




10. 


*' + !/' 


= *•. 


3. 


^ + t/' + ^-3x + 2y 


+«.o. 


n. 


x*-!^ 


= *•. 


4. 


2i» + 2b» + 2*'-6: 


r + 8y 


12. 


I'-S? 


= 0. 




-6. + 4-a 




13. 


r -ocoafl. 


6. 


:r« + W'-2x. 
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r =« ■ 


f6. 


6. 


a" - ^ - o«. 




15. 


p =act 


<6<^. 


7. 


i^-w. 




16. 


pfdn^ > 


= a. 



Find the rectangular, cylindrical and spherical equations of the 
following surfaces: 

17. Sphere with radius a and center at the origiD. 

18. Sphere with center (0, 0, a) passing through the ori^. 

19. Bight drcular cylinder with axis OZ and radius a. 

20. Si^t circular cone with aiia OZ and vertical angle 90° (be- 
tween generators in a plane through the axis). 

lilnd the rectangular equations of the following surfaces: 

21. Right circular cylinder tangent to the zy-plane abng the x-axis. 

22. Parabohc cylinder with generators parallel to OY and directrix 
a parabola in the ;E£~plane with axis OZ and vertex at the origin. 

23. Elliptical cylinder with generatora parallel to the 2-aida and 
directrix an ellipse with axes along OX and Y. 

24. Prolate spheroid generated by revolving an ellipse about its 
major axis. 

25. Hyperbol<ud of revolution generated by revolving a hyperbola 
about one of its axes. 

26. Pai'aboloid of revolution generated by revolving a parabola 
about its axis. 

27. Taurus generated by revolving a circle about a line in its plane 
not cutting the circle! 

Art 7a. Graph of an Equation 

To construct the graph of a given equation It is customary to 
draw a aeries of plane sections and from these sections to determine 
the appearance of the surface. The sections generally used are 
those in and parallel to the codrdinato planes. 
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Example I. The ellipEoid, 



Tlie sections of this surface in the xz- and (iz-pkues are the ellipses 



baring a common axis on Z'Z (Fig. 72a). The section in a 
horizontal plane 2 >> % is an ellipse 






with axes parallel to OX and OY. Since the axes of this ellipse 
are in the xg- and yz-planes and end on the surface, they are choidE 
of the ellipses in those planes. The surface, called an ellipsoid, Ie 
thus generated by horizontal ellipses whose axes are chords of the 
two vertical ellipses. 




The quantities a, b, c, called the semi-axes, are equal to the 
intercepts on the coordinate axes. If two of these semi-axes are 
equal the ellipsoid is called a spheroid. It is then a surface of 
revolution obtained by revolving an ellipse about one of its axes. 
If the semi-axes are all equal the ellipsoid is a sphere. 
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Ex. 2. Tbe hjptxbeUM of one sltMt, 

o' ^ *• <? • 
The sections in the xz- and ^a-planes are hyperbolas 

-.-^-1 ».d ^---1 

with a common axis Z'Z (Fig. 726). The section in a horizontal 
plane s - A is an ellipse. 

a' ^ y ^ c» 
with the ends of its axes on the two hyperbolas. 




If a = 6 the surface is a hyperboloid of revolution obtained by 
revolving a hyperbola about its conjugate axis. 
Ex. 3. The hyperboloid of two sheets, ' 



= 1. 



The aection in a plane i = t is imaginary if | x | < a. The sur- 
face therefore consists of two parts, one on the right of x = a and 
one on the left ot x = —a. The surface cuts the xy- and xs-planea 
in hyperbolas and ia generated by ellipses parallel to the yg-pUma 
whose axesa are chords of these hyperbolas (Fig. 72c). 

;__lv,C00g[c 



Art 72 Gkaph of an Eqcation 11 

I£ b = c the surface is a hyperboloid of revolution obtained b 
revolving a hyperbola about ita tmnsverae ads. 
Ex. i. The elliptic par&boloid, 

z = ax^ + by\ 
a and 6 having the same algebraic sign. 

Sections in the xs- and yz-planes 
are parabolas 

2 = or* and z = by\ 
The section in a plane e = A; is an 



tL^ + b^ = k 

with axes parallel to OX and OY if 
d, b and k have the same sign and 
imaginary if i is opposite in sign from 
a and b. The surface is thus gen- 
erated by horizontal ellipses whose 
axes are chords of the two parabolas. ''**■ '^''■ 

If a = 6 the surface is a paraboloid of revolution obtained by 
revolving a parabola about its axis. 

Ex. 5. The hTperbolk paraboloid, 




a and b being positive. 



-by\ 




The section in the z£-plane is a parabola ;; 
upward. The section in the ^s-pUne is a parabola z » —bi/* ex- 



(u? extending 

logic 
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tending downwaid. The eecti<si in the xy-plane ie a pair of linea 
oz' — 6y* = 0. The aection in s horizontal plane « = A is a hyper- 
bola ox* — fey* = A whose tranaveree axis ia a chord of the parab- 
ola (in the xz- or i/z-plane) cut by that plane. The surface has 
tiie general shape af a saddle. 

Ex. 6. The tiTperboUc paraboloid, 
z = kxy. 

This is a saddle-shaped surface similar to that in Es. 5. The 
hypetbolaa in horizontal planes are however rectai^ular with 
a8ymptot«8 parallel to the x- and y-axes. 

Ex. 7. The cone, 



~ + - 




Fia. 72f. 



The sections in the xz- and yz- 
plaues are pairs of lines 

i-±'-. »d S-±?. 
a c be 

The surfatie is generated by hor- 
izontal ellipses the ends of whose 
axes are on these lines. 

Sx. 8. Describe the surface 
with spherical equation 



Since 9 does not occur in the equation the surface is one of revo- 
lution about the ^^axis. The section in the xz-plane is a circle 
tangent to the z-axie at the origin. The graph is a doi^inut- 
shaped surface generated by revolving tliie circle about the e^«xis. 

BxeidMi 
Draw the gr^hs and describe the surfaces represented by the follow- 
ing equations; 

1. i* + 2i/>-F3z> = 0. 5. x'-j^+^-2x + iv = i. 

2. (I - 1)' + 2 (y - 2)' 6. I' - y" - z- - 3. 

-I- 3 (2 - 3)' - 6. 7. s' -I- z* - y. 

3. i» -f- 4 (a' -h z") - 12. 8. !/'-f-2z"-4i> = 12. 

4. ±'-i/> + ^-l. 9. x~:^ + 2y' + 2e-12tf + m 



10. x~2yt. 


15. r-oooe 


11. a^-i/"-*". 


16. P-0C06. 


12. (j + 2)' + 4{i;-l)< 


17. pcOH* = 


= (* - 3)'. 


18. r* + 1" - 


13. j/> - 1". 


19. rt-k. 


It z = xy + x + v. 


20. TB« - 0*. 
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CHAPTER 11 
UNBS AND CURVES 
Art 73. The Stni^t Line 
A sbaight line ia the intersection of two planes. It is then rep- 
resented in rectangular coordinatea by two firat degree equations. 
The line is best constnicted by finding two points on it. The most 
couvaiient points for this purpose are usually its intersections 
with two codrdinate planes. If the line passes through the origin 
a second point can be found by assigning an arbitrary value to 
one of the coordinates and calculating the values of the other two. 
Example 1, Construct the line represented by the equations 
y + z-3, 4x + 3i/-3z = 3, 
and find its direction cosines. 
The line outs the yz-plane where a: = 0, that is, where 
y + z = 3, 3y-3z = 3. 
The solution of these equations isy = 2,z '^ 1. The intersection 
with the ^-plane is then A (0, 2, 1). In the same way the inter- 
section with the xs-plane is found to be £ (3, 0, 3). Draw the 
line through A and B (Fig. 73a). Its direction cosines are 

2_ 

V17" 

Line through a Point with a Given Direction. — Let the line 
pass through Pi (xi, j/i, Zj) and have direction angles a, (3, y (Fig, 
736). If P it, y, z) is any point on the line 
x-x, = PiPcosa, y-yi = P^Pcos/S, z - 2i = PiP cos y. 
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These are the equ&tionfi of the line. Sisce two quantities equal to 
a third are equal to each other, they are equivalent to two inde- 
pendent equations. 

If the cosines are proportional to A, B, C, equations (73a) are 
equivalent to 

-T-^b'-^c- ^^^ 

These are the equatioHs of a line through {xi, y\, 2i) wHk diredion 
coeines proportunud to A, B, C. 




Fig. 73a. Fia. 736. 

Ex. 2. Find the equations of the line through (1, 0, 1) and 
(-2, 1, 0). 

The direction cosines of the line are proportional to 3, —1, 1. 
Since the line passes through (1, 0, 1) ite equations are then 
i-l _ y-0 z-l 
3 -1 " 1 ■ 

These are equivalent to tbe two equations 



and consequently tox + 3y=l, y-\-z 



3. a + jz+z-l, ar-3tf+to = 5. 

4. s - 2, y~Z. 
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5. Find the equations of the line through the points (2, 3, — 1) and 
(3, 4. 2). 

6. Find the equations of the line throu^ (0, 1, 2} parallel t« the 
vector 13, 1, 5]. 

7. Find the equation of the line throi^ (1, 1, 1) perpendicular t« 
the plane x + 2ji —z — 3. 

S. Find the angle between the lines x+y — z = 0, x4*z = 
and x-y-'l,x — 3y + z = 0. 

9. Find the angle between the line x ~y + z = I, x~2 and the 
plane t = x — 3 y. 

10. Show that the lines x + y + z " I, 2i!-j( + 3*-2 and 
3v-z = 2, 3z + 42-lare parallel. 

I 11. Show that the lines x+2y = l, 2y — z = l and j — y = 1, 
X — 2^ = 3 meet in a point and ore perpendicular. 

Alt 74. Ciuves 
A curve is the intersection of two surfaces. It is then repre- 
sented by two simultaneous equations. Since an indefinite num- 
ber of surfaces can be passed 
through a curve, it can be 
represented in an indefinite 
number of ways by a pair of 
equations. 
Example 1. Show that the 



3? + y* + s?=l, 

X + J/ + Z-1 

represent a circle. 

The first equation repre- 

^ _, sents a sphere, the second a 

FiQ. 74a. , ™ 

plane. The two equations 

represent the circle in which the sphere and plane intersect. 

Ex. 2. Determine the locus represented by the equations 
x= + jr' = o', s(' + z= = a'. 

These equations represent circular cylinders of radius a (Fig. 74a). 
The locus required is the intersection of the cylinders. Subtraction 
of the equations gives i* — e' = 0. Therefore i = ± e. All points 
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of the intersectioii thus lie in the two planes x = z and x = —z. 
The locufi Is two ellipses in which the phmes cut the cylinders. 

Projecting Cylindera. — 1( a rectangular coordinate ia eliminated 
from the equations of a curve, the resultiog equation usually rep- 
resents the cylindrical surface with the curve as directrix and 
generators parallel to the aria of the eliminated coordinate. The 
intersection of this cylinder with the plane <rf the other two coordi- 
nates is then the projection of the curve od that codrdinate plane. 
These statements are illustrated in the examples solved below. 

Ex. 3. Find the cylinders with generators parallel to the co- 
ordinate axes and cutting the curve 

z=-x' + ^, z^x. 

Eliminating 2 we get a:* + ff* = x. Since this equation contains 
only X and y, it represents a cylinder with generators parallel to 
the ;-axis. Since the equa- 
tion of the cylinder is a con- 
sequence of the equations of 
the curve, all points on the 
curve lie on the cylinder. 
Furthermore, if x and y satisfy 
the equation of the cylinder, 
a value of z can be found 
such that X, y, z satisfy the 
equations of the curve. That 
ia, each generator of the cyl- 
inder cuts the curve. There- 
fore j^ + y* = X 19 the equa^ 
tion of the cylinder generated 
by lines parallel to the z-axis 
and cutting the curve. In 
the same way the equation of 

the cylinder parallel to the i-axis is found to be y" + a* = z. 
Lines parallel to the ^-axis and cutting the curve lie in the plane 
z = X. They however generate only the strip of this plane in 
wiiioh the curve lies. This shows that the elimination of a cofir^ 
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dinate may give more than the surface generated by lines cutting 
the curve and parallel to the axis of that co5rdinate. 
Ex. 4. Find the equations of the projectioiiH of the line 

on the coordinate planes. 
EHiniinating z, we get 

5x + y = S. 
This is the equation of a plane through the line parallel to the 
z-axis. The equation of the projection on the J^z-plane is then 

e-0, Sx + yS. 
In the same way the projections on the a»- and yz-phnea are found 
tobey-O, 3a; + B = 3andi = 0, 3y-5z + 6 = 0. 

Bierdiea 
Draw the following curves and find thor projectione on the codrdi- 
nate planes: 

1. a;+y+z-l, K'+i/'+^ = l. 5. z-i' + i/', z-j'+z'. 

2. i'+I/' = <^, ^ + J^'^. 6. I'+sf'+z'-a', ^+^ = ax. 

3. if = x' + y', x + y-1. 7. r - o, 9 = z. 

4. z=ij/, z-2r. 8. *-ix, p-a. 

9, Show that the equations a' + B*— ^ ~ 1, y — z — 1 — x repre- 
sent a pair of lines. 

10. Show that the circle i' + j^ + z'-6, v + 2i = I and the lino 
y + Z"!, 3! + y + z = 2 inteTBect, 

U. Find the intersection of the circle a^ + ^ + z' + 6a;=0, 
a + y - and the plane i + z — 1. 

Art 75. Parametric Equations 

The locus of a point whose coSrdinates are given functions of a 

parameter is usually a curve. For, if one of the equations ia 

solved for the parameter and the value substituted m the other 

two, two equations between the codrdinates are obt^ed. ThuB 

x = t, y = P, 2 = t* 
are parametric equations of a curve. To plot the curve, we can 
assign values to the parameter, calculate the corresponding values 
of the coordinates and plot the resulting points. By eliminating 
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the parameter the equation of a Buiface through the curve ia ob- 
tained. If the parameter is eliminated between two of the para- 
metric equations, the resulting equation con- 
sidered as an equation in a coordinate plane 
repreeente the projection of the curve on that 
plane. For example the projections of the 
curve given above have the equations 

y = x', Z = 3?, Z'' " ^. 

Example. — The helix is a curve traced on 
the surface of a right circular cylinder by a 
point that advances in the direction of the 
aids of the cylinder while it rotates around 
the axis of the cylinder, the amount of ad~ • 
vance being proportional to the angle i 
rotation. 

To find the equations of the helix, let the 
aids of z be the axis of the cylinder, a the radius of the cylinder, 
and let the z-axis pass through a point of the helix. If 9 is the 
angle of rotation, 

a; = acoH0, y = 08infl, s •= kff, 
k being the ratio of the advance in thedirection of the axis to the 
an^e (S rotation. 

Exerdaai 

Conetnict the following curves and find thdr projections on the 
coordinate planes: 

1. a-l+t, if-2-(,*-3t. 3. x-tfoat, y = teoat, z-t. 

2. z — coa0, y = emB, i ■ 20. 4. x — aint, y ■• cost, t — tan(. 

5. A conical helix is described by a point moving on the surface of a 
right circular cone, the distance of the point from the vertex of the cone 
being proportional to the angle of rotation about the a^ds. Find para- 
metric equations for the curve. 

6. I^lnd the equation of the twisted surface generated by perpen- 
diculaia from points of a helix to the axis of the cylinder 



a which it 



7. Neglecting friction the position of a bullet starting from the o 
gin with velocity [a, b, c} after ( seconds is given by the equations 
xmat, ybt, t = a-lt.lP. 
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Cooatruct the curve find find its projections on the codrdinate planea 
if it st&rts with a velocity of 1000 ft. per second in the direction a = 60°, 
p = 45°, 7 = 60°. 

8. The wheel of a gyroscope rotates with constant speed around its 
ajdB- while the axis turns with constant speed about a fixed point of 
iteelf. li^nd equations of the curve described by a fixed point on tlte 
periphery of the wheeL 
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Natural Values of Trigonometilc Functions 



D«i. 


lUd. 


Sin. 


Co», 


Tu. 


D.g. 


Rad. 


81a. 


Cm. 


Tu. 




MOO 


.0000 


I. 0000 


.0000 


46 


.7864 


.7071 


.7071 


1,0000 




0175 


.0176 


.9098 


.0175 


46 


.8029 


.7193 


.6947 


1,0355 




0349 


.0349 


.9994 


.0349 


47 


.8203 


.7314 


.6820 


1,0724 




0524 


.0523 


.9986 


.0524 


48 


.8378 


.7431 


.6691 


1,1106 




0698 


.0698 




.0699 


49 


.8552 


.7647 


.6561 


1.1504 




0873 


.0872 


,9962 


.0875 


60 


-8727 


.7660 


,6428 


1,1918 




1047 


.1045 


.9945 


.1051 


51 


.8901 


.7771 


,6293 


1,2349 




1222 


.1219 


.9925 


.1228 




.9076 




.6167 


1,2799 




1396 


.1392 


.9903 


.1405 


63 


.9250 


.7m 


.6018 


1,3270 




1571 


.1664 


.9877 


.1584 


64 


.9425 




.5878 


1.3764 




1746 


.1736 


.9848 


.1763 


66 


.9599 




.5736 


1.4281 




1920 


.1908 


.9816 


.1944 


56 


.9774 




.6592 


1,4826 




2094 


.2079 


.9781 


.2126 


67 


.9948 




.6446 


1,6399 




2269 


.2250 


.9744 


.2309 


68 


1.0123 




.6299 


1.6003 




2443 


.2419 


.9703 


.2493 


69 


1.0297 


:8572 


.5160 


1.6643 




2618 


.2588 


.9659 


.2679 


60 


1.0472 




,5000 


1.7321 




2793 


.2756 


.9613 


.2867 


61 


1.0647 


'.874i 


.4848 


1.8040 




2967 


.2924 


.9563 


.3057 


62 


1.0821 




.4696 


1.8807 




3142 


.3090 


.9511 


.3249 


63 


1.0996 


.89K 


.4540 


1.9626 




3316 


.3256 


.9455 


.3443 


64 


1.1170 




.4384 


2.0503 


30 


3491 


.3420 


.9397 


.3640 


66 


1.1345 




.4226 


2.1445 


21 


3665 


.3584 


.9336 


.3839 




1.1519 


19135 


.4067 


2.2460 




3S40 


.3746 


.9272 


.4040 


67 


1.1694 


.9205 


.3907 


2.3559 


23 


4014 


.3907 


.9205 


.4245 


68 


1.1868 


.9272 


.3746 


2.4751 


24 


4189 


.4067 


.9135 


.4452 


69 


1.2043 


.9336 


.3684 


2.6051 


26 


4363 


.4226 


.9063 


.4663 


70 


1.2217 


.9397 


-3420 


2,7475 


26 


4538 


.4384 


.8988 


.4877 


71 


1.2392 


.9*55 


.3266 


2.9042 


27 


4712 


.4540 


.8910 


.5095 


72 


1.2566 


.9511 


.3090 


3.0777 


28 


4887 


.4695 


.8829 


.5317 


73 


1.2741 


.9563 


.2924 


3.2709 


29 


5061 


.4848 


.8746 


.6643 


74 


1.2915 


,9613 


.2756 


3.4874 


30 


5236 


.5000 


.8660 


.5774 


76 


1.3090 


.9659 


.2588 


3.7321 


31 


6411 


.5150 


.857: 


.8009 


76 


1.3265 


.9703 


.2419 


4.0108 


32 




.5299 






77 


1.3439 


.9744 


.2250 


4.3315 






.5446 




!fi494 


78 


1.3614 


,9781 


.2079 


4.7046 


34 




.5692 




.6745 


79 


1.3788 


.9816 


.1908 


6.1446 


35 


6109 


.6736 


.8192 


.7002 


80 


1.3963 


.9848 


.1736 


5.6713 


38 




.5878 


.8090 


.7265 


81 


1.4137 


.9877 


.1564 


6.3138 


37 


6458 


.6018 


.7986 


.7638 


82 


1.4312 


.9903 


.1392 


7.1154 


38 


6632 


.6157 


.7880 


.7813 


83 


1.4486 


.9925 


.1219 


8.1443 


39 


6807 


.6293 


.7771 


.8098 


84 


1.4661 


.9945 


.1045 


9.6144 


40 


6081 


.6428 


.7660 


.8391 


86 


I. 4835 


.9962 


,0872 


11.4301 


41 


7156 


.6561 


.7547 


.8693 




1.5010 


.9976 


,0698 


14,3007 


42 


7330 


.6691 


.7431 


.9004 


87 


1.5184 


.9986 


,0523 


19.0811 


43 


7606 


.6820 


.7314 


.9325 


88 


1.5369 


.9994 


,0349 


28.8363 


44 




.6947 


.7193 


.9657 


89 


1.6533 


.9998 


.0175 


57.2900 


45 


7864 


.7071 


.7071 


I. 0000 


90 


1.5708 


1.0000 


,0000 
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ANSWERS TO EXBECISES 

Flees 8,7 

■2- „ -1±^I7 



1, -5. 




4 


-5± Vl3 




10.-1=^^^3. 


6 


10. ;F - 2 


-1± V^ 




11. * - ±1, 2. 


2 


r T 1 -1±^^ 


±1, ±V2. 

±1. 


13. I = ±1, ± v'^. 


3± Vl3 
2 • 




,^_^V3^V^5. 




PUeO 


1, -1, 2. 




6. z = -3,l(-l±-«/r; 




7. I - -1, -1, ±J. 


-3, i, i. 




8. X - -2. 3, i, -f 


J. !, i- 




e. « - 2, J, 1 ± V32. 


1, i (3 ± v^)- 




10. *-4, -j,l(3±V5) 




Page 


10 


-0.53, 0.65, 2.88. 




i. x = 1.2, 2.9. 


1.41, -0.7^2.1-/^. 


5. I = 0.7, -1.2. 


0.54, -0.8±l.lvC: 


1. 






Pice 


U 


1 or J < - 2. 






lor -l<i<0. 






-1.63, or -0.35 <« 


<1.88 
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6. X > 2, < a; < I Vs, or -2 < i< -i v^. 

8. \x\ > V2. 

PaceU 

1 X - 1 V = 2 7. A - 1, fc - 2, r = ±5, and 
2.x = 2,v--l,z-S. A = A. ft = -V. »■ = ±W- 

3. a; = 1, 1/ = -1, z = 1- 8. a: - 1, -1, 2, -2. 

4. X = !,!/ = i,z = i. y=-l, 1, -i, J- 
8. J = },!/= -2, z = i. 9. a: == 3, - a = ±V2. 

6. I =■ —1, y = li and 10. i » 1, y = —1, « = 2, and 



Pace 18 



or -1:2:1. 
i:i,:« = l:±]_|_l, 
or -2:±v'-2:l. 



Page 29 
1 (i 0). *- AB-.CD -a 

2. (3,8). 5. (5,3), (-1, 

3. (6, 11), Ci, 3). 

Page 31 

1. 5 + 3V5. 9. CH.3H)- 

7. C2±2A6)- 10. (A, A)- 

8. (-i, 0). 11. (2i. ID- 

PaK«S4 

7. (-2, 2). 10. (5, -1). 

8. I-i, -iU4, U, [-iSl- 12. 24i. 

9. (-8, 5). 

Page 38 

2. (0, J), (-4,7). 8. D(f,V)- 

3. P (14, -13), Q (6, -5). 9. P (1, 2i). 

4. (-10,31). 12. (2i,41). 
6. D{IS, -3). 



b, Google 



188 Answebs to Exxbcisss 




Pages 12, 43 


1. i, -7, -2. 

2. tan-" (-0.8) - 141° 20', 
9. 46" SI', 87" 8', 36° 2-. 

11. 7 ± 5 V2. 

12. 71" 34'. 


13. AV3 + A. 

15. (4.S33, 4.966), 
(-6.933, -0.966). 

16. (-2f, -3*). 




Pac«8«8,«» 


2. x-3y-5. 
4. y-3z + 9. 

6. J + 5J/-2. 

6. i/» = 8ff-6i-25. 


7. 3i-4j, + 6=0. 

9. ^ + j/'.g+y+l4. 

11. j> + i/'-4»-6if -12. 




Page 66 


l.tf + 3 = V3(s + I). 

2. I/- 3a; -7. 

3. I = 2. 

4. !/ - 2. 

5. 2* + 81; = 17. 

6. tf-6 = ±Vs{x-3). 


7. 61,-91 + 2 = 0. 

8. » - tf + 2 = 0. 

9. 1/ = 61 - 3, length = 2 V2fl. 

10. i-2|,+3-0,i-2y + 8 = 0, 
2a;+tf-4 = 0, 2i + y-fl-0. 

11. 21j;+16y=6, 1U + 24V-9. 




Paces 69,60 


14. 45°, 50' 19', 78" 4'. 

15. 3i - 2!/ = 6. 

16. y =6x -i. 

17. y = x~4. 

18. 8 ar + 9 i/ = 7. 

19. (lA, -H). 

20. 51 + 3!, -18. 


21. 5, VW, vT7. 

22. a!-6y + 8 = 0. 

23. 12a;-15i/ = 8. 

24. 4a:-y + 9=0. 

25. A Btr^t line perpendicular 

to the Une through their 
oeateis. 




Pages 63, 61 


8. J + v > 0, 2a; - 3 !/ - 1< 0, y - 2 < 0. 

9. y + 3a:-4>0, 3i-2y-l>0, i,-8a! + I4 >0. 

10. ^ vn. 

11. -h^^- 

12. i. 

13. a (2 V2 - 1) - 1/ (v'2 + 3) = V2 - 2. 

14. (H, A). 

16. (]/ - 2x)' - Un + 18y - 56. 
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AKBWKBa TO EXEBCISCB 



1. (0,0),r = 5. 15. {0,2), Ci, -J). 

2. (2, 0), r = 2. 16. I* + !^ - 3i - 3 !( = 0. 

3. {0, S), r = i vT. 17. (i - 6)' + (if - 2)> = 25, 
4- (.-i, 0), r - i V7. (i + D' + {v + 6)' = 25. 

6. (l,i),r-iV2. 18- 2:i^ + 2j/' + 6i + 3!,=10. 

n (aa)T=aV2 19. *» H-y" - 16 1 - 12ir = 0, 

8. The locuB is the point (1, 0). „, , _ g,, j. („ _ 14)» = 4 

11. ;^ + I/'-5:r + 4i,-46 = 0. 22:i' + |/+26« 



23. j" + J/* - (2 vTo - 6 
= 2 VTO - 6. 



12. a? + i/»-2z-2]/ = 11. 

13. x' + y'-2z-2y + l -0, 

14.;^ + !/' = 9±2V8. 24.^-21,. 

Pages 73, 74. 

1. {0, 0), o = Ve, 6 = V3. 9. The locus b the point (1, -1). 

2. (I, -2), a = i,_6=l. 7. 9z' + 4y'-lSx+2iy+9=0. 

3. (i, 1). « = J V6, 6 =-;i '^. 8. i^+y' + 16x-»y + 16 = 0. 
i. (1, -2), a = 2, 6 - V6. "_ 9. (s + tf -2)' + 16(i-if + 2)' 
5. { -3, 1), a = Vi3, 6 = i ^39. = 32. 



1. Asia a = 0, vertex (J, 0). 6. x - i, (li, 31). 

2. tf -0, (i,0). 7. 3!/* = laa;. 

3. ^ = 1, (1,2). 8. 6K' + 20a; + 9a + 2 -0. 

4. :e = -!,(-!, -I). 9. ¥V^- 

5. i/ = i, (-i,i). 10. 35Ht. 

PageSS. 

1. Center (0, 2), as = v^, 6 - 2. Asymptotes, j/ - 2 = ±j v^a;. 

2. Center (0, -1), a = i V^, & = V3. Asymptotes, y+l = ±«vX 

3. Center (1, —1), a = b = 2, AsjTnptotes, n — 1 and y = —1. 
Axes, x + y = and i - y - 2 = 0. 

4. Center(-l,2),;a = V3,6 = V2. Asymptotes, i/-2-±|V3 (i+l). 

5. The locua is two lines x — y = 4 and x + y + 2 =0. 

6. Center (0, J), o = 6 = 2. Asymptotes, a; - and j/ = J. 
Axes, y — J '^ ±1. 

7. 16 {i-2)«- (!/ + !)' = ±16. 

L:,.i,-z__iv,CoOg[c 



188 Answehs to Exercises 

8. 24 (* + 2)' - 5 (!/ - I)' - 91. 

ft. 4{3* + 2|,)'-25(2a -3 J/)' - ±1300. 

Page 89. 

1. The circle circumscnbed about the aquare. 

2. Two parabolas having the fixed diameter as comnoa chord aad with 

vertices at the middle points of the perpendicular radii. 

3. A rectangular hyperbola passing through A and B. 

4. A circle with center at the center of the triangle. 

6. The circle passing through the vertices of the base ai^ee, and tan- 
gent to the equal sides of the triangle. 
6. A hyperbola. 

9, A rectangular hyperbola. 

10. Two circles passing through A and B with centers at the ends of 
the diameter perpendicular to AB. 
Page 120. 
1. x= -2. 17. xy •2y-3x. 



3. V - 3. 




iS-^-y^u- 


Z.x-y = V2. 




19. r(2co8fl-Bine) =1. 


4.y=xV3. 




20. r=4eoteosce. 

21. r-2coBe. 

22. r> = 14cse2fl. 

23. »^ = see2e. 

24. r = 4V2cos(9-|)- 

25. r«+2or(± cose ± sine) 


5. x' + if' -&x. 

6. x' + ^ = iy. 

7. 1' + !/' = V2(j/-i). 




&.x^ + y'=^x-y. 




9. ^ + / = 4. 
10. ii^-\-y'-2r-2V3y + Z'0. 


11. :>? + }/' -2x-2y + ] 


1 =0. 


26.,[.-».(.-|)]-4, 
27. r(3-2siiie) = 3 - V3. 


12. 33' + 4/-4i; = 4. 




13. 4^-5i'-36i = 36 

14. i/' = 6i + 9. 




15. x" = iy + i. 




28. V2. 


16. xy = ix + iy~8. 








Pages 126, U7. 



K^.|} 



37.,0,0,,(«,|),(*r.„,|),(:.2-.„,|,). 

38. (0, 0), (.785 a, ±25" 52'), (.409 a, ±102' i"), (.898 a, ±148* 3"). 

L:,.i,-z__iv,CoOg[c 
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Pages 128, 139. 

1. r B a 0069. 

2. r-a(secfl + tftn9). 

3. T (r C06 d ~ a) = k. ia the origin &nd LK is perpendicular to 

OX at (a, 0). 

4. r - o sin 2 e. The length of the segment is 2 a, 

5. r = a + baeaB. The radius of the circle is 2 a and the distance 

from the center to the fixed line is 2 6. 

6. r = 2 a tan SwaB. OA is the initial line and a the radius of circle. 

7. r - o (1 + cosfl), a cardioid. 

8. r -o(cscfl-l). 

9. r Bin (IP) -a. 

10. r = aeecB + b. The distance from to BC is a and the constant 

distance is b. 

11. r — 2acoa6 + b. The diameter through is the initial line, the 

radius of the circle is a, and the constant distanoe is b. 

12. r = a cos* e, a being the length of OA. 

13. r = aCl -tftn'fl)coB8. 



4')' 



lii are a and b and the distance between 
centos is c. The origin is at the center of circle of radius a. 

Pages ISl, 133. 

i=a(l+tan*), i/ = atan*, i— y=o. 

i-a(l +2sin'«),3/-2atan*9in'«, y'(Za-x) - (x - a)'. 

« = l + icot*, j/ = i + tan*. 2xy =x + 2y. 

r = a v'l -t- *', e = * - tan-'*. 8 = - Vr* - a' - cob-'(-J- 



-(^') 



3. *» - 1^ - 4. 12 

4. to -;>;)• = 2 (»+!,)•. 

6. itf + * -3!/- 1. - V2ai/-j('. 

6. 4s> - 4 V3 a;ff + 4 !/■ - 1. 13, «■ (1 + f)' -- f (3 - r^)". 



-1/= = 1. 14, j'+j," = (4 0)1. 



17. 3:=Pcoa(l+(), v=PMn(H-0. 
21. (4,4). . 



190 ANaWBBS TO EXBBCIBKS 

22. (3, 4), (-4, -3). 27. I = acos*, y - ftsin*. 

23. {±0.5404a, 0.8414a). 28. £ = asec^, if ° itan^. 

24. (to, ±lov^). 29. X =aBin'*, V =ocos««. 

25. a;=aa+coa2fl), i/=asm2e. 30. i - m', a = m' -m - 2. 

26. I-— „ K-i.. 



Pages 140, 14L 

, X — btan^^amn^, y = ±acoa^, the fixed point on the y-ana 

being (0, b). 
I. X -fc(l + coe'0), V — i:(tan^ + sin ^ cos 4). 
I. I = 2acot#, y = 2asin'i*. (^ + ia?)y = 8a'. 
|{H-coB«), tf = ^(ain* + tflni*). 
4ii/' = (a-i)(a + 2i)'. 

r = (a— c tan*) sin'*, y = (a — ctan*)Bin*cos*, 
a;(aj/-ci) = » (a^ + y*). r = (a -ccote)coa9. 
a;-atan*, j/ = acos2*. j/ (a» + 1") = o' - oi". 
a; - a (tan* + sin* cos*), y = a[l +ooa'*). 
V(:ii' + y')=a(x' + 2v'). r = o(c8cfl + sinP). 
= 2acoa'*,y-2aBec*. ry> = So*, 3;S2o. 
is the origin, OA the x-uds, and * >• AOC. 

10. (s' + !/'-2<^)'=o'(5o±4j/). The fixed diameter is a!-asjs and 

the center of circle is origin. 

11. X— ccoa2*— asin* + &cos*iIf'>cain2* + acoH*+&Biii*. 

The radii are a and b and the distance between centers is 2 c. 
The i^^xis passes through the centers and the origin is midway 
between them. 
13. A rectangular hyperbola. 

13. a; - -a sin (* + B), y - 6 sin {* - A). The eiUTe is an ellipse. 

14. r -ocsc*, ff-csc* + cot* + *-|- 1. 

The origin is at the center of circle, the initial line passes through 
the intersection of I curve and circle, and * is the angle formed at 
the pencil by the string. 

15. i-^a*— 6sin*, j/ = o— 6co8*. 

16. a - I (3 COS* + cos 3*), y = |(3sin* -ain3*). i' +y' =a'. 

The radius of the fixed circle is a. 

17. y + 1 = 0. r, 

c,q,z.<ib,C.i00gle 



Answers to Exercises 




Paces 


1«-U». 


3. a* + 4 ((•-.4. 

4. B' + 3»" + I6-0. 




12. a; = |{2c09fl + C082e), 


5. r = 2. 

6. r = 4pcotecB0fl. 

7. 2i-3i/-0. 




ir-5{28mff + sm2e). 

13. i + y-0, 2T-3i(-0. 

14. i' + j(> = ll. 
20. 3i' + j(' = 2. 


9. {;i' + 4Q')!/ + 2ar> 
10. *j/'-{x-a)'{2a- 


-0. 


21. Hco92e-2. 

22. a!" - If* - 8. 


11. I =«(*' + Bin*'), 


(hew 


.3 x- s^ 


If = «(«»♦' - 1),( 


■ 4{V2-1) 4{V2 + 1) 


♦' - * - T. 







Page 154. 

4. Distance from the i-axia v'y' -(- z", diatanoe from the caigjn 

5. In the iv-p!ane (I, 2, 0), on the x-axia (1, 0, 0). 

6. The projections on the y-taaa are 1, ~2, 1. 

7. 76° 22', 76° 22', 19" 28'. 

8. 5, -4, and 3. 
9- (4, -i, i). 



3. (1,2,3). 5. The projection on the x^plane 

4. (V,3, -2), «, -i, J). is 12, 2,0]. 

7. (6, 2, 6). 

Paces 1S9, 160. 

3. i. !, f 7. I. ), I. 

4. 45° and 135'. 8. 70° 32', 48" 12', 48° 12*. 
6. i v^, i v^, 0. 9. 71° 34', 71° 34', 36° 52*. 
6. 54° 44'. 11. 56° 1'. 

Pages 166, 167. 

1 coBa - ^ 2 ^ 4 

. cosa- ^,^/^. COS - ^.^/^i COST ^y^' 

The positive square roots correspond to one direction alon^he 
normal, the n^ative to the other. If a porticulBr directiA is 
desired, the proper sign is easily determined. In the following 
answers only one set of cosines is given. .^ , 

;__!,■, Google 



" " VTI' Vn' 6, «■« = cobP = 0, COST = 1- 

3 7. * + yV2 + »=a 

■°"'''" Vn* 8.3*-5y + 4* + 2=0. 

». OMa - owifl - OMT - 1 V3. 9- f + f + 5-1- 

4. o»<.--|=, <wfl %=, 12. 70*32'. 

^^ ^^ 13. 2(r40'. 
ooe T - 0. 

Pageim 

17. *» + »« + *»-<!>, i* + f = <f, _, J i^ + i- 

p = o. ■ o> "^ 6» • 

18. i? + l(' + ^-2«, M ^_^±^ = 1 «. 
T* + ^-2a*, |.-2a«as*. a' W ' 

19. j" + /-<!", r-<i,p = acsc*. ^±^ _ ^ _ i 

21. j" + «• = 2 M. 27. (y^ + ^ - (.)• 4- ^ - rf. 

22. I* - M. A drcle with etmUx on the 
23 ^ -I. !^ _ 1 3-axis is rotated about the 



pagwm.im ' 


1. There are two sets of diiection 
One set is: 

co««--i, cosfl 


ooBmes differing in algebraic 


2 


i. coaa = coB» =0, COH7 = 

- x~2 y-a i+l 
6. ^_ - _j_ = -^. 

. X y-1 t-2 

^■z = -r'-r- 
I 2-1 


-^■A- 


8, 60°. 

9. 68" 31'. 


Page] 


L80. 


1. The projection on the x^plane ii 




^ + l/' + ^-x 


- J, = 0, * = 0. 


2. The projootion on the yi-■p^&ne is 
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Answers to Exercises 
3. The projection on the xz-plane is 

11. (-1, 1, 2), (-J, i, i). 

Pages 181, 182. 

1. The projection on the ly-plane ias + y — S, z-0. 

2. The projection on the ^plane is ^ -• sin (I z), x — 0. 

3. The projection on the zz-plane is x = tmit, y = 0. 

5. X = aSoos9, y =a$aiie, s = kd. 

6. z - Jto. 

7. y - * V2, 2 - r - -OOOOMi', z - .7071 y - .000032 ««. 
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iraben refer to the j 



U, 24. 
Absolute value, 1. 
Addition of vectors, 36. 
Algebraic function, 20. 
Angle, between two lines, 40, 158. 

circular measure of, 100. 
Asymptotes, S5. 

of hyperbok, 78. 
Asymptotic, 96. 
Axes, of the ellipse, 71. 

of the hyperbola, 79. 
Axis, of the parabola, 74. 

of symmetry, 93. 

Caidioid, 122. 
Center, of ellipse, 71. 

of hyperbola, 78. 

of symmetry, 93. 
Change of codrdinates, 116. 
Circle, equation of, 64. 

determined by three conditions, 
66. 

polar equation, 117. 
Circular measure of angle, 100. 
Conqranents of a vector, 32, 1S5. 
Cone, 174. 
Cooicll?. 
CoDBtant,!. 
Coardinates, oj4indrical, 160. 

polar, 113, 160. 

rectangular, 23, 160. 

spherical, 160. 
Curves, direction of, 96. 



Curves, exponential, 104. 

intersection of, 49. 

logarithmic, 104. 

Bine, 99. 

space, 163, 178. 

tangent, SI. 
Cycle, 102. 
Cycloid, 138. 
Cylindrical surface, 167. 

Degree, 4. 

Dependent equations, 14. 
Dependent variable, 21. 
Direction angles, 156. 
Direction cosines, 156. 
Direction of a curve, 96. 
Distance, between two points, 29 
154. 
from a point to a line, 61. 

Eccentricity of a conic, 118. 
Elimination, 12. 
Ellipse, 70. 

polar equation, 118. 
Ellipsoid, 171. 
Elliptic paraboloid, 173. 
Empirical equations, 107. 
Epicycloid, 139. 
Equation, of a locus, 47. 

of firat degree, 57, 164. 

of second degree, 70, 83, 146. 
Equations, 3. 

dependent, 14. 

* ;__lv,C00g[c 
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Equations, empirical, 107. 

equivalent, 3. 

homogeneous, 15. 

inconsistent, 14. 

irreducible, 83, 85. 

parametric, 130, 180. 

quadratic, 5. 

reducible, 83. 

simultaneous, 12. 
Explicit function, 19. 

FocUB, 117. 
Function, 18. 

algebraic, 20. 

explicit, 19. 

exponential, 104. 

implicit, 19. 

irrational, 20. 

many valued, 19. 

periodic, 102. 

rational, 19. 

single valued, 19. 

transcendental, 20. 

Graphs, parametric, 132. 
polar, 121. 
rectangular, 43, 90, 170. 

HeUx, 181. 
Hyperbola, 77. 
polar equation, 118, 119. 

rectangular, 80. 
Hypertolic paraboloid, 173. 
I^rperboloid, 172. 

ImaginaTy quantities, 2. 
Implicit function, 19. 
Inconsistent equations, 14. 
Independent variable, 21. 
Inequalities, II. 
Infinite values, 95. 
Intercepts, 58, 90. 
Intersection of curves, 49, 124. 



Invariants, 145. 
Irrational functioa, 20. 
Irrational number, 1. 
Irreducible equation, S3, 85. 

Lemniscate, 122. 
Line, straight, 54, 176. 
polar equation, 1 17. 
Locus of equation, 47, 127, 138, 
163. 

Major axis of ellipse, 71. 
Minor axis of ellipse, 71. 
Multiple of a vector, 35. 

Normal, 163. 
Number, real, 1. 
imaginary, 2. 

Octant, 150. 
Ordinate, 24. 

Parabola, 74. 

polar equation, 118, 119. 
Paraboloid, 173, 174. 
Parallel lines, 40. 
Parameter, 130. 

Parametric equations, 130, 180. 
Periodic function, 102. 
Perpendicular lines, 40, 158. 
Plane, 163. 
Plotting, 24. 
Polar coordinates, 113. 
Polynomial, 4. 

factors of, 7. 
Projecting cylinders, 179. 
Projection, 27, 151. 

Quadiants, 23. 
Quadratic equation, 6. 

Radian, 100. 
Rational function, IB. 



>Og[f 



Rational number, 1. 
Rational roots, 8. 
Real number, 1. 

Rectat^ular codrdinatee, 23, 150. 
Reducible equation, 83. 
Revolution, surface ol, 168. 
Roots, number of, 7. 
Rotation of the axes, 144. 

Second degree equation, 70, 83, 



Semi-axes, 71, 79. 
Simultaneous equations, 12. 
Sine curve, 99. 
Slope of a line, 39, 58. 
Solutions of equatioDB, 3. 

approjdm&te, 9. 

number of, 7, 16. 

rational, 8. 
Space curves, 163, 17&, 
Sphere, 167. 
Straight line, 54, 176. 

polar equation, 117. 
Surfaces, 163. 



Surfaces, cylindrical, 167. 

of revolution, 168. 
Symmetry, 93. 

Tangent iMirvea, 51. 
Transcendental function, 20. 
Transformation of coordinatec^ 

142. 
Translation of the ases, 142. 
TransverHe axis of hypertmla, 79. 



Variable, 1. 

dependent and independent, 21. 
Vectors, 32, 155. 

components, 32. 

difference of, 37. 

multiple of, 36. 

notation, 33. 

aum of, 36. 
Vertex, 71, 74, 79. 



Wave length of si 
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